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Symmetry in Neural Networks

by

Bo Zhao
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Professor Rose Yu, Chair

In many neural networks, different parameter values can yield the same loss, often due to
underlying symmetries in the parameter space. We introduce a general framework for continuous
symmetries based on equivariance in activation functions, revealing a new set of nonlinear,
data-dependent symmetries. Using these symmetries, we derive topological properties of the
minima and identify conserved quantities in gradient flows. As a practical application, we present
an algorithm called symmetry teleportation, which leverages parameter symmetries to search
loss level sets for points with desired properties. This approach leads to improvements in both
convergence and generalization. We also discuss empirical approaches to find symmetries and

uncover more structures in neural networks.
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Introduction

Modern deep learning models are highly overparameterized, resulting in large sets of
parameter configurations that yield the same outputs. A significant portion of this redundancy
is explained by symmetries in the parameter space—transformations that leave the network
function unchanged. These symmetries shape the loss landscape and constrain learning dynamics,
offering a new lens for understanding optimization, generalization, and model complexity that
complements existing theory of deep learning.

We propose parameter space symmetry as a valuable, underexplored perspective for
understanding neural networks. One of the most important consequences of these symmetries
is that they induces nontrivial structure in the level sets of the loss function. In overparameter-
ized networks, where many parameter configurations can yield the same function output, the
loss landscape often contains high dimensional manifolds of global minima [31]. Symmetry
accounts for much of this degeneracy by mapping parameters within a level set without chang-
ing the network’s function. Understanding these equivalence classes is essential for analyzing
generalization, optimization dynamics, and the loss landscape in deep learning.

While symmetry in the data space has been central to geometric deep learning and equiv-
ariant models [26], symmetry in the parameter space has only recently begun to receive sustained
attention [162]. Recent work explores parameter symmetry in diverse contexts, including loss
landscapes and mode connectivity [52, 37], conserved quantities and training dynamics [82, 134],
symmetry-based optimization and model averaging [41, 3], and symmetry-aware sampling in
Bayesian inference [144]. This thesis aims to define symmetries in neural network parameter

spaces, unify existing theoretical and algorithmic perspectives, and highlight their relevance



to learning theory, optimization, and model analysis. We hope that a clearer understanding of
parameter space symmetries will lead to more principled approaches in deep learning theory and
practice.

In Section 1, we introduce what symmetry is, why group is a natural structure in studying
loss-invariant transformations, and how prevalent symmetries are in the parameter space of
neural networks. The rest of this thesis study the effects of symmetries on the loss landscape
and learning dynamics, as well as their applications. Section 2 show that conserved quantities
associated with linear symmetries can be used to define coordinates along low-loss valleys,
linking convergence and generalization with properties at initialization. Section 3 discusses the
role of symmetry in the geometry and topology of loss level sets, particularly its influence on the
connectedness of minimum. Section 4 and 5 studies an application of symmetry in optimization.
Section 6 provides an empirical approach for searching for unknown parameter space symmetries.

We conclude with a list of open questions and opportunities in Section 7.



Chapter 1

Motivation and Definitions of Symmetry

In this first chapter, we explain why symmetry is a natural structure to describe neural
networks. We then explore various definitions and examples of parameter space symmetry. We
start with transformations of the parameters that preserve the feedforward function, and expand
to relaxed definitions, which preserve the overall loss function or the feedforward function’s
value on subsets of data. Along with these definitions, we provide a list of known symmetries

and show how they arise from the architecture of neural networks.

1.1 Why Symmetry?

In this section, we show that the set loss-invariant parameter transformations form a
group, and therefore easy to describe using the language of symmetry. We provide key concepts
in group theory along the way.

Let Param be the space of parameters and & be the space of data. In supervised learning,
9 is decomposed into Zinput X Drarget, Where Zippur and Zrarger correspond to the space of inputs
and target labels, respectively. Let f: Param x .@inpm — Dtarger be a neural network function, and
¢ Dharget X Prarger — R be a function that measures the discrepancy between the neural network’s
prediction and the ground truth label. The loss function L: Param x ¥ — R is the composition
of f and c. That is, for (6, (x,y)) € Param x 2, we define the loss L(0, (x,y)) := c(f(8,x), y).

With occasional exceptions [18, 67], the parameter space of a neural network is typically a real



vector space.

Symmetries are transformations that preserve certain properties of an object. In this
paper, we focus on parameter space symmetry, which are transformations of a neural net-
work’s parameters that preserve loss. Mathematically, this is the set of bijective transformations
T : Param — Param such that L(w) = L(T (w)). One may consider restricted sets of symmetry
by imposing additional constraints such as linearity or smoothness.

The set of all such transformations forms a group under function composition. To see
this, we first examine its structure and properties. Viewing the transformations as functions, we
are able to define the composition of two transformations. The composition of two loss-invariant
transformations results in another loss-invariant transformation. Since function compositions are
associative, the composition of these transformations are associative. Additionally, the identity
transformation is always loss preserving, therefore included in our set. Finally, since each
transformation is bijective, an inverse exists for every element in the set. These properties of the

set of symmetry transformations under composition satisfy the definition of a group.

Definition 1.1.1 (Group). A group is a set G together with a composition law o that satisfies (1)
Associativity: (g1o0gr)ogs =gi10(grogs) forall g1,82,83 in G; (2) Identity: There exists an

identity element e in G such that goe = g and eo g = g for all g in G; (3) Inverse: For every

1 1 1

element g in G, there exists an inverse element g~ such thatgog™ =eand g  og=e.

Following Definition 1.1.1, the set of all loss-invariant and bijective transformations,
which we denote by Gg 1, forms a group. In practice, we typically consider specific subgroups
of Gg 1, since the full group is often difficult to characterize.

For generality and to simplify analysis, we describe symmetry using abstract groups,
which focus on the algebraic properties of groups detached from specific transformations. An
example that will appear frequently is the n X n general linear group over R. This group, denoted
by GL,(R), consists of invertible n X n real matrices, with composition defined by matrix

multiplication. We will also encounter several subgroups of GL,(R), including the orthogonal



group O,(R) which consists of real matrices whose transpose equal inverse, and the positive
scaling group RQO which consists of diagonal matrices with positive diagonal entries. Another
group relevant to neural network parameter spaces is the symmetric group S,, which consists of
permutations of the set {1,2,...,n}.

Group actions connect the abstract concept of groups with concrete sets of transforma-

tions. A group action is a structure-preserving map from a group into a group of transformations.

Definition 1.1.2 (Group action). An action of a group G on a set S isamap -: G X S — S that

satisfies e-s = s forall s € Sand g- (g’ -s) = (g¢g') - s forall g,¢’' in G and all s in S.

A parameter space symmetry can then be described as a group action on the space of
parameters that leaves the loss unchanged. In many machine learning settings, these group
actions are linear. This leads to the concept of a representation, which maps group elements to

invertible matrices and enables the group to act on a vector space by linear transformations.

Definition 1.1.3 (Representation). A representation of a group G is a homomorphism p: G —

GL,(R), meaning that p(g182) = p(81)p(82) for all 81,82 € G.

1.2 Functional Neural Network Symmetry

Parameter space symmetry can be defined in various ways, depending on the transforma-
tion preserved, i.e. the neural network function or the loss function, and the scope of the data
considered, which can range from all possible data, subsets of data, or a particular distribution
(Figure 1.3).

This section focuses on the strictest form of parameter space symmetry, which involves
transformations that leave the neural network output invariant across all data. Such symmetry

preserves the feedforward function. We discuss various general definitions in Section 1.3.

Definition 1.2.1 (Functional neural network symmetry). Let Param be the parameter space of a

neural network f: Param X Diupur — Diarger- A parameter space symmetry of f is a (possibly



nonlinear) action of a group G on Param that leaves f invariant,

f(g-0,x)=f(0,x), VgeG, VO¢cParam, Vx€ Zipu-

The group G is called a symmetry group of f.

1.2.1 Examples: Symmetries in Common Neural Network Components

Different neural network model architectures give rise to different parameter space
symmetries. In the following examples, we examine common components of neural networks
and identify specific symmetries associated with each. We begin with a linear network, which
offers a clean setting to illustrate how parameter symmetries emerge from rescaling adjacent

layers. We work towards realistic examples afterwards.

Example 1.2.2 (Linear). Consider a two-layer linear neural network fiinear(Wa,Wy,b2,b1,X) =
Wa(W1X +by) + by, with (W, Wy,by,by) € Param = R™" x RPX1 5 R™ x R" and X € Rk,

This architecture has a GL,(R) symmetry, acting on Param by

g+ (Wa,Wy,by,b1) = (Wag ', gW1,b2,8b1)

for g € GLy(R) since

fiinear(§ - (Wa,Wi,b2,b1),X) = Wag ™' (gW1X + gb1) + b2
=Wa(WiX +b1)+ by

= flinear(WLWl,bz,bl,X).

Symmetries of similar forms appear in networks with activation functions, which are
more commonly used than linear networks. In particular, many common activation functions are

equivariant under a nontrivial group, which leads to following symmetries (Figure 1.1b).



Proposition 1.2.3 ([160]). Let 6: R" — R" be a function that satisfies 6(gZ) = p(g)o(Z)
for a group G and a representation p: G — GL,(R). Consider a function f: Param X 9 —
R™" (Wa, W, ba,b1,X) = W (W1 X + by) + b, where (Wo,W;,by,b;) € Param = R x
R 5 R™ x R and X € R, Then, f admits a functional parameter space symmetry defined

by g+ (Wa,Wi,ba,by) — (Wap(g~1),gWi, b2, 8b1).

The symmetries in the next three examples result from equivariance of various pointwise
activation functions. A function o: R” — R" is called pointwise if it is defined as &(z); = 0;(z;)
for some scalar functions (o;: R — R)?:l‘ In practice, o; is usually the same across all indices i.
A pointwise function 6 : R” — R is homogeneous if there exists a degree o € RZO such that
o(cz); = c%o(z); for all ¢ € R+ and z € R". Common homogeneous functions include ReL.U,
LeakyReLU, and monomials. Since the bias terms are transformed similarly as the other weights,

we omit the bias terms in the following examples for brevity.

Example 1.2.4 (Homogeneous Activation). Consider a two-layer neural network f(Wo, Wi, X) =
W0 (W1 X) with a homogeneous function & of degree o, where (Wo,W;) € Param = R™*/ x
R"™" and X € R™*. A symmetry group of this architecture is the positive scaling group

Rh

o which consists of diagonal matrix with positive diagonal entries and act on Param by

g (Wa,W1) = (Wag™%,gW1), for g e R [16].

Example 1.2.5 (Tanh). Consider a two-layer hyperbolic tangent neural network fin,,(Wo, Wi, X)
— W, tanh(W; X), where (W5, W;) € Param = R"™ x R"*" and X € R"K. This architecture has
a sign-flip symmetry, 75, that consists of diagonal matrix with all diagonal entries in {1,—1},

acting on Param by g- (Wo, W) = (Wag~ !, gWy) [29].

Example 1.2.6 (Radial neural network [51]). Often appearing in equivariant neural networks
[142, 141], a radial rescaling activation ¢ : R" — R" has the form o(z) = f(||z||)z for some
function f: R — R. A two-layer neural network f(Wp,W),X) = Woo(W,X) with a radial
rescaling activation & has an Oy (R) symmetry, acting on Param by g- (W, W;) = (Wag™!, gWy),
for g € Op(R).



When o is G-invariant, which means 6(gZ) = o(Z), there exists a group action that acts

on only the input weights of ¢ (Figure 1.1a). We illustrate this in the next two examples.

Example 1.2.7 (Batch Normalization [69]). Batchnorm standardizes inputs of a layer across a

mini-batch BN(Z)

= \Z/;fr%, where the expectation and variance are computed row-wise over Z. Assuming Z

is a linear feature Z = WX where W € Param = R™*" and X € Rk then the batchnorm
function has a positive scaling symmetry. Batchnorm is equivariant with respect to the group
R, which consists of diagonal matrix with positive diagonal entries, acting on Param by
g-W =gW, for g € R [82]. Other normalization layers, such as layer normalization [14],
group normalization [147], and weight normalization [122], often have scaling symmetry of

similar forms.

Example 1.2.8 (Softmax [25]). The softmax function c: R — R" is defined as o(z); =
¢’/ ¥ je%. Consider the function f(W,X) = 6(WX), where W € Param = R™*" and X € R"¥,
and o applies on the rows of WX. Then f has a translation symmetry, acting on Param by

(g-W); =W, + g for each row W, with g € (R",+), the additive group over R" [82].

Many architectures have parameter symmetries given by a symmetric group. This
symmetry can often be interpreted as permutation of neurons or components along with their
associated weights, as shown in Examples 2.7, 2.8 and Figure 1.1(c). Similar forms of symmetry

have also been identified in recurrent neural networks [4].

Example 1.2.9 (Pointwise Activation). Feedforward networks with pointwise activations that use
the same scalar function across coordinates have permutation symmetries. Consider a two-layer
neural network f(Wo,Wi,X) = Wao (W1 X) with (W, W;) € Param = R™/ x R X ¢ R,
and any pointwise activation function ¢ with o0; = 0 for all i, j. There is a permutation symmetry

acting on Param by g- (Wp,W;) = (Wrg~ !, gWy), for g € Sy, [63].



(a) (b) ()

aw, W, gy Wop(g™)
(9 (@
a(gwy) = a(W) a(gwy) = p(g)a(W,)

Figure 1.1. Parameter space symmetries arising from neural network architectures. Each circle
in the computation graphs represents a neuron or a component in the architecture. Each line
segment represents one or a set of parameters. (a) Scaling of the incoming weights of an invariant
activation (Examples 1.2.7, 1.2.8). (b) Scaling of the incoming and outgoing weights of an
equivariant activation (Examples 1.2.2, 1.2.4-1.2.6). (c¢) Permutation of neurons (Example 1.2.9)
or components (Examples 1.2.10) together with their associated weights.

Example 1.2.10 (Radial basis function networks [27]). In a radial basis function network
Zle wiQ (%) with radial function ¢@: R, — R and parameters (wi,bi,ci){.‘zl € Param =
(R x Ry x R"X, there is a permutation symmetry acting on Param by 7 - ((wi,bi,c;)<_|) =

(W1 (iys b1 iy a1 () )iz JOr T € Sp [83].

Table 1.1. Symmetry in common neural network components.

Name Architecture ~ Symmetry Group Group action

Linear WLW X GL,(R) g- (W, Wp) = (Whg™ 1 gWy)
Homogeneous Wa Gpom (W1 X) R, g -(Wo,W)) = (Whg™ % gW))
Tanh W5 Otann (W1 X) /4 g (Wa,W)) = (Wag~ !, gW))
Radial rescaling W26radial (W1 X) O(h) g (Wa,W1) = (Wag™",gW1)
Batchnorm % RZO g-W=gW

Softmax softmax(WX) (R™,+) (g-W)i=W;+g

Pointwise WaOpointwise(WiX) Sh g-(Wo, W) = (Wag™ !, gWy)
Radial basis function Y, w;¢ (“";—“”) Sy T (Wisbisct) = Wy 1 D14y C1(3)

Viewed as a computational graph, a neural network inherits the symmetries of all its
subnetworks [158]. Examples 1.2.2—1.2.10 therefore naturally extend to multi-layer networks
by applying symmetry to any subset of adjacent layer pairs. Additionally, modern architectures

are often constructed from smaller components, many of which have the same form as these



examples. Consequently, they admit the same symmetries, which act on a subspace of their

parameter space.

1.2.2 Example: Symmetries in Transformers

To illustrate how symmetries emerge and combine in popular architectures, we delineate
the symmetries in transformers by examining their components [155]. Figure 1.2 visualizes the

source of these symmetries.

Example 1.2.11 (Attention [140]). The self attention function is a core component of transform-

ers. For key K € R™*P, query Q € R"*P, and value V € R"*",

Wl (kwk)T
Attention(QWQ,KWK, VW) = softmax (M) vwY

Vi
with input embeddings (Q,K,V) € R4*n x R4*dn x RI*dn gnd weights (Wo, Wk, Wy) € Param
= RIn*di 5 RIn*di 5 Rdn*dv This architecture has a GLy (R) symmetry, acting on Param by

I (WQ7WK7WV) = (WQgileKgTvWV)’ forg € GLdk(]R)

Building on Example 1.2.11, multi-head attention replicates the attention block across
h heads and linearly mixes their outputs, thereby inheriting the (GL,, (R))" symmetry and

introducing additional head-permutation (S;,) and per-head linear symmetries ((GL,, (R))M.

Example 1.2.12 (Multi-head attention [140]). Most transformer architectures use multi-head
attentions, which concatenate the output of multiple attentions and apply a linear transformation
to the concatenated output. Concretely, a multi-head attention is given by MultiHead(Q,K,V) =
Concat(heady, ..., head,)W©, with head; = Attention(QWiQ, KWK, VWiv) and additional param-
eters WO € RMv*dn_ The new parameter space is Param = (R9n>% x RIn>*dk 5 Rdmxdv)h 5
Rhdv>dm Ty simplify notation when describing symmetries, denote WiO € R&>dn qs the matrix
formed by row (d, x i+ 1) to row (d, x (i+1)) of WO.

In addition to the (GL,4, (R))" symmetry inherited from individual attention heads, a

multi-head attention admits an Sy, and a (GLy4,(R))" symmetry. The S;, symmetry acts as

10



(a) ) (b)
QWWEK TKT
softmax( f}ak )VWV snftmax(%)]/wvlwol
(GLq (R))" symmetry: [ R PR ]
. o v _ Matrix Multiplication
{ Matrix Multiplication } g+ Wy Wo,) = Wy, g7, giWo,) B
TKT
softmax(M) softmax(-)VWy, | softmax(-)VWy, | ... | softmax(-)VWy, Wo,
Vi
[ SoftMax o Scale ] [ Concatenation ]
Wo,
GLg4, (R) symmetry: o
g (Wo, W) QWoWx K softmax(-+)VWy, softmax(-JVWy, | -e ) softmax(-)V Wy,
= (Wogfl. Wi g") h
GLy, (R . N q
Matrix Multiplication ] ( i )) Attention Attention Attention W
T i SN B I R I A A
Parameters: W, Wy wy, Wo, Wk, Wy, Wo, Wk, Wy, Won Wiy Wy Wo

Figure 1.2. Symmetries in (a) the attention mechanism and (b) a multi-headed attention. Dashed
rectangles represent output of each layer. Each symmetry is annotated in the same color as that
of the component that gives rise to it.

permutation of attention heads: T - (WiQ,WiK,Wl-V,WiO) = (WEQ, ,Wf,l ,Wg,l(i),Wno,l(i)),for

(i) (i)
7t € Sy. The multiplication of each attention head with W results in one GLg4 (R) symmetry,

acting by gi- (WE,WK. WY WO) = W2, WK WY ¢! giW0), for gi € GLy,(R), i = 1,...,h.

Parameters in a transformer can be finetuned after training to adapt to new datasets
or tasks. A commonly used method, low-rank adaptation (LoRA) [65], updates pretrained
parameters by low-rank matrices to reduce memory and compute. This parametrization adopts a

general linear symmetry group.

Example 1.2.13 (LoRA). In a low-rank adaptation W 4+ UV, with pretrained weight matrix
W € R™™ and trainable parameters U € R"*"V € R™"™ there is a GL,(R) symmetry, acting

on (U,V)byg-(U, V)= (Ug',gV), forg € GL.(R) [118].

1.3 Relaxed Definitions of Symmetry

While functional neural network symmetries ensure invariance of the neural network out-
put across all input data, more general notions of symmetry arise when we relax this requirement.
Here, we expand the scope of parameter space symmetry to include transformations that preserve
the overall loss function instead of the neural network function, as well as transformations that

preserve the output over subsets of data instead of the entire data space.

11



1.3.1 Loss Symmetry

Loss symmetry refers to parameter transformations that preserve the overall loss but not
necessarily the neural network function. Recall that the loss function L: Param x & — R is often
the composition of a model f: Param X Zinput — Zarger and a cost function ¢: Prarget X Zrarget —
R. Definition 1.2.1 defines transformations on Param that do not alter the value of f, thereby
also preserving L. We now relax this definition to include transformations that are required to

preserve L but allowed to change f.

Definition 1.3.1 (Functional loss symmetry). Let Param be the parameter space of a loss function
L: Param x 2 — R. A parameter space symmetry of L is an action of a group G on Param that

leaves L invariant:

L(g-0,x)=L(0,x), Vge G, VO ¢cParam, Vxe€ 2.

Example 1.3.2 (Self-supervised learning with linear network [169]). Consider a self supervised
learning setting, with a linear network f(W,x) = Wx and a loss L(W,x) that depends on f only
through f(x)T f(x') for data pairs x,x' € R". Then, L has a rotational symmetry, which acts
on Param = R™" by ¢ - W = gW for g in O(m). This differs from the group action on linear
networks (Example 1.2.2) since it only acts on one layer and is not canceled by transformations
in other layers. Hence, this group action preserves the overall loss L but not the feedforward

function.

1.3.2 Data-Dependent Symmetry

In the next definition, we relax the definition of functional symmetries (Definitions 1.2.1
and 1.3.1) by considering parameter transformations that preserve the output for data batches of
size n, without guaranteeing invariance on other data. These symmetries depend on the data with

respect to which the neural network output is invariant.
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Definition 1.3.3 (Data-dependent group action). A data-dependent group action is a group
action of G on (Param x 9") that acts trivially on 2". To simplify notation, we drop 9" from
the output and write a data-dependent group action as a map G x (Param x ") — Param that
satisfies e- (0,X) =0 and g- (¢ - (0,X),X) = (g¢') - (0,X) for all g,¢" in G, 6 in Param, and

Xeg"

Definition 1.3.4 (Data-dependent symmetry). Let Param be the parameter space. Let F : Param
X 9 — Y be a function with output space Y. A data-dependent symmetry of F is a data-dependent

action of a group G on Param that preserves the value of f on a subset of data:

F(g-(0,X),x)=F(0,x), VgeG, V0 ¢cParam, VX € (Dippus)", and Vx € X.

Example 1.3.5 (Two-layer network [160]). For a nonzero vector z € R" define a matrix R as

;

. -1 .
zicos(Qj—1) (H{;} sin(ock)> if j <iand H;;l] sin(oy) # 0
(R2);j = § —rsin(oy) if j=i+1
0 otherwise.

\

Consider a two-layer neural network f(Wo,W,X) = Woo (W, X), where (Wp,W;) € Param =
R™<A 5 RN gnd X € R™. Suppose 6(z) is nonzero for any z € R". Then this architecture has a

data-dependent GL;,(R) symmetry, which acts on Param by

g+ (W2, W1,) = (WaR w0 Ro (g, + §W1)

and preserves loss value on single data points.

1.3.3 Distribution Symmetry

In practical settings, data can often be viewed as samples from an underlying distribution.

The following definition considers parameter transformations that preserve the expected loss

13



over this distribution. Neural networks related by these transformations are expected to perform
similarly on data within the given distribution but not guaranteed to perform similarly on data

from different distributions.

Definition 1.3.6 (Distribution symmetry). Consider a function F: Param x & — Y with output
space Y, where Param is the parameter space and data are drawn from a distribution D. A
distribution symmetry of F is an action of a group G on Param that leaves the expectation of F

invariant:

Eywp[F(g-0,x)] =E.p[F(0,x)], VgeG, VO < Param.

Distribution symmetry is often related to averaging effects, where aggregated predictions

remain consistent despite variations in the predictions from individual parameters.

Example 1.3.7. Consider the function F: R™" x (R" x R") — R" defined by F (W, (x,y)) =
Wx —y, where W is the parameter and x,y are data. Assume that x is drawn from a distribution
D, and for each data pair (x,y), y is defined as y = W*x for a fixed matrix W* € R™*". Let

X = Eyp,[x]. Then, the expectation of F under the data distribution is:

EXNDX [F<W7 (x,y))] = EXNDX [Wx - W*X] =Wx-W'x.

Let G be the group of all invertible matrices A for which Ax = x. This group acts on the
parameter space R™" via the action A-W = WA™'. This action is a distribution symmetry for

F, because for all A € G and matrix W € R™" we have:

Een, [F(A-W,(x,))] = Erop, [WA™ 'x — W*x] = Wi — W*E = E,p, [F (W, (x,y))].

The relation among the above definitions are visualized in Figure 1.3. Parameter transfor-

mations that preserve the neural network function are guaranteed to preserve the loss function.
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(a) (b)

(FunctionaI/data-dependent/distribution)\ Functional (loss/NN)
loss symmetry symmetry
J
U o Y
(FunctionaI/data—dependent/distribution)ﬂ Data dependent Distribution (loss/NN)
neural network symmetry (loss/NN) symmetry symmetry
J

Figure 1.3. Relation among different definitions of parameter space symmetry. Arrows represent
the relationship that satisfying one definition implies satisfying the other. (a) Symmetries that
preserve the overall loss versus the neural network output. (b) Symmetries defined over the entire
input space versus those defined over subsets of data.

Parameter transformations that preserve a function at every data point are guaranteed to preserve
the function over every fixed-size batch or distribution. Therefore, neural network symmetry
(Definition 1.2.1) implies loss symmetry (Definition 1.3.1). Neural network (or loss) symmetry
implies both neural network (or loss) data-dependent symmetry (Definition 1.3.4) and neural

network (or loss) distribution loss symmetry (Definition 1.3.6).
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Chapter 2

Symmetries, Flat Minima, and the Con-
served Quantities of Gradient Flow

Empirical studies of the loss landscape of deep networks have revealed that many local
minima are connected through low-loss valleys. Yet, little is known about the theoretical origin of
such valleys. We present a general framework for finding continuous symmetries in the parameter
space, which carve out low-loss valleys. Our framework uses equivariances of the activation
functions and can be applied to different layer architectures. To generalize this framework to
nonlinear neural networks, we introduce a novel set of nonlinear, data-dependent symmetries.
These symmetries can transform a trained model such that it performs similarly on new samples,
which allows ensemble building that improves robustness under certain adversarial attacks. We
then show that conserved quantities associated with linear symmetries can be used to define
coordinates along low-loss valleys. The conserved quantities help reveal that using common
initialization methods, gradient flow only explores a small part of the global minimum. By
relating conserved quantities to convergence rate and sharpness of the minimum, we provide

insights on how initialization impacts convergence and generalizability.

2.1 Introduction

Training deep neural networks (NNs) is a highly non-convex optimization problem. The

loss landscape of a NN, which is shaped by the model architecture and the dataset, is generally
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very rugged, with the number of local minima growing rapidly with model size [23, 128]. Despite
this complexity, recent work has revealed many interesting structures in the loss landscape. For
example, NN loss landscapes often contain approximately flat directions along which the loss
does not change significantly [48, 52]. Flat minima have been used to build ensemble or mixture
models by sampling different parameter configurations that yield similar loss values [52, 21].
However, finding such flat directions is mostly done empirically, with few theoretical results.
One source of flat directions is parameter trans-
formations that keep the loss invariant (i.e. symmetries).
Specifically, moving in the parameter space from a min-
imum in the direction of a symmetry takes us to another
minimum. Motivated by the fact that continuous symme-

tries of the loss result in flat directions in local minima,

we derive a general class of such symmetries in this

papet. Figure 2.1. Visualization of the ex-
tended minimum in a 2-layer linear
network with loss L = ||¥ — UVX]||%.
the nonlinear activation functions; most known contin- Points along the minima are related
to each other by scaling symmetry
U—Ug ' and V — gV. Conserved
quantities, Q, associated with scaling
symmetry parametrize points along the
ferently on different inputs. Hence, for ensembling or minimum.

Our key insight is to focus on equivariances of

uous symmetries can be derived using this framework.

Models related by exact equivalence cannot behave dif-

robustness tasks, we need to find data-dependent symmetries. Indeed, aside from the familiar
“linear symmetries” of NN, the framework of equivariance allows us to introduce a novel class of
symmetries which act nonlinearly on the parameters and are data-dependent. These nonlinear
symmetries cover a much larger class of continuous symmetries than their linear counterparts, as
they apply for almost any activation function. We provide preliminary experimental evidence
that ensembles using these nonlinear symmetries are more robust to adversarial attacks.
Extended flat minima arise frequently in the loss landscape of NNs; we show that

symmetry-induced flat minima can be parametrized using conserved quantities. Furthermore,
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we provide a method of deriving explicit conserved quantities (CQ) for different continuous
symmetries of NN parameter spaces. CQ had previously been derived from symmetries for one-
parameter groups [82, 134]. Using a similar approach we derive the CQ for general continuous
symmetries. This approach fails to find CQ for rotational symmetries. Nevertheless, we find
the conservation law resulting from the symmetry implies a cancellation of angular momenta

between layers. To summarize, our contributions are:

1. A general framework based on equivariance for finding symmetries in NN loss landscapes.

2. A derivation of the dimensions of minima induced by symmetries.

3. A new class of nonlinear, data-dependent symmetries of NN parameter spaces.

4. An expansion of prior work on deriving conserved quantities (CQ) associated with

symmetries, and a discussion of its failure for rotation symmetries.

5. A cancellation of angular momenta result for between layers for rotation symmetries.

6. A parameterization of symmetry-induced flat minima via the associated CQ.

This paper is organized as follows. First, we review existing literature on flat minima,
continuous symmetries of parameter space, and conserved quantities. In Section 2.3, we define
continuous symmetries and flat minima, and show how linear symmetries lead to extended
minima. We illustrate our constructions through examples of linear symmetries of NN parameter
spaces. In Section 2.4, we define nonlinear, data-dependent symmetries. In Section 2.5, we
use infinitesimal symmetries to derive conserved quantities for parameter space symmetries,
extending the results in [82] to larger groups and more activation functions. Additionally, we
show how CQ can be used to define coordinates along flat minima.

In Sections 2.6-2.9, we present a set of experiments aimed at assessing the utility of the

nonlinear group action and conserved quantities. We show that the value of conserved quantities
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can impact convergence rate and generalizability. We also find the nonlinear action to be viable
for ensemble building to improve robustness under certain adversarial attacks.

Exploration of the minimum. While Q is often unbounded, common initialization
methods such as [53] limit the values of Q to a small range (Chapter 2.6). As a result, only a
small part of the minimum is reachable by the models. Symmetries allow us to explore portions
of flat minima that gradient descent rarely reaches.

Convergence rate and generalizability. Conserved quantities are by definition un-
changed during gradient flows. By relating the values of conserved quantities to convergence
rate and model generalizability, we have access to properties of the trajectory and the final model
before the gradient flow starts. This knowledge allows us to choose good conserved quantity
values at initialization. In Chapter 2.7, we derive the relation between Q and convergence
rate for two example optimization problems, and provide numerical evidence that initializing
parameters with certain conserved quantity values accelerates convergence. In Chapter 2.8, we
derive the relation between conserved quantities and sharpness of minima in a simple two-layer
network, and show empirically that Q values affect the eigenvalues of the Hessian (and possibly
generalizability) in larger networks.

Ensemble models. Applying the nonlinear group action allows us to obtain an ensemble
without any retraining or searching. We show that even with stochasticity in the data, the loss is
approximately unchanged under the group action. The ensemble has the potential to improve

robustness under adversarial attacks (Chapter 2.9).

2.2 Related Work

Continuous symmetry in parameter space. Overparametrization in neural networks
leads to symmetries in the parameter space [54]. Continuous symmetry has been identified in
fully-connected linear networks [135], homogeneous neural networks [16, 38], radial neural

networks [51], and softmax and batchnorm functions [82]. We provide a unified framework that
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generalizes previous findings, and identify nonlinear group actions that have not been studied
before.

Conserved quantities. The imbalance between layers in linear or homogeneous networks
is known to be invariant during gradient flow and related to convergence rate [123, 38, 12, 13, 135,
101]. [68] discovered similar conservation laws in natural gradient descents. [82] develop a more
general approach for finding conserved quantities for certain one-parameter symmetry groups.
[134] relate continuous symmetries to dynamics of conserved quantities using an approach
similar to Noether’s theorem [112]. We develop a procedure that determines conserved quantities
from infinitesimal symmetries, which is closely related to Noether’s theorem.

Topology of minimum. The global minimum of overparametrized neural networks are
connected spaces instead of isolated points. We show that parameter space symmetries lead
to extended flat minima. Previously, [31] proved that the global minima is usually a manifold
with dimension equal to the number of parameters subtracted by the number of data points. We
derive the dimensionality of the symmetry-induced flat minima and show they are related to the
number of infinitesimal symmetry generators and dimension of weight matrices. [128] study
permutation symmetry and show that in certain overparametrized networks, the minimum related
by permutations are connected. [41] hypothesize that SGD solutions can be permuted to points

on the same connected minima. [3] develop algorithms that find such permutations.

2.3 Continuous Symmetries in Deep Learning

In this section, we first summarize our notation for basic neural network constructions
(see Appendix A.2 for more details). Then we consider transformations on the parameter space

that leave the loss invariant and demonstrate how they lead to extended flat minima.
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2.3.1 The Parameter Space and Loss Function

The parameters of a neural network consist of weights! W; € R"*™ for each layer
i, where n; and m; are the layer output and input dimensions, respectively. For feedforward
networks, successive output and input dimensions match: m; = n;_;. We group the widths into
atuple n = (ng,...,ny,ng), and the parameter space becomes Param = R"*"i-1 x ... x R™M >0,
We denote an element therein as a tuple of matrices 8 = (W; € R%*"i-1)E | The activation of
the i-th layer is a piecewise differentiable function o; : R" — R™, which may or may not be
pointwise. For @ € Param and input x € R"0, the feature vector of the ith layer in feedforward
network is Z; ;1 (x) = W;+16(Z;(x)), where the juxtaposition ‘W& (Z)” denotes an arbitrary linear
operation depending on the context; for example, matrix product, convolution, etc. For simplicity,
we largely focus on the case of multilayer perceptrons (MLPs). We denote the final output by

Fy : R™ — R, defined as Fg(x) = o1(Z(x)). The “loss function” L of our model is defined as:
L : Param x Data — R, L(0,(x,y)) = Cost(y, Fg(x)). (2.1

where Data = R0 x R" is the space of data and Cost : R™ x R"™ — R is a differentiable cost
function, such as mean square error or cross-entropy. In the case of multiple samples, we have
matrices X € R"™*k and Y € R"*% whose columns are the k samplesz, and retain the same
notation for the feedforward function, namely, Fy : R0*k _y RrLxk Most of our results concern
properties of L that hold for any training data. Hence, unless specified otherwise, we take a fixed

batch of data {(x;,y;)}%_; C Data, and consider the loss as a function of the parameters only.

Example 2.3.1 (Two-layer network with MSE). Consider a network with n = (n,h,m), the
identity output activation (0r(x) = (x)), and no biases. The parameter space is Param(n) =
R RP*™M and we denote an element as @ = (U,V). Taking the mean square error cost

function, the loss function for data (X,Y) € R™* x R"™*k takes the form L(0,(X,Y)) = %HY —

IFor clarity, we suppress the bias vectors; all results can be extended to include bias; see appendix A.2.
~We use capital letters for matrix data and small letters for individual samples.
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Uc(VX)|?
2.3.2 Action of Continuous Groups and Flat Minima

Let G be a group. An action of G on the parameter space Param is a function - :
G x Param — Param, written as g - 0, that satisfies the unit and multiplication axioms of the
group, meaning id - @ = 0 where id is the identity of G, and g; - (g2-0) = (g1g2) - 0 for all

81,82 € G.

Definition 2.3.2 (Parameter space symmetry). The action G x Param — Param is a symmetry of

L if it leaves the loss function invariant, that is:

L(g-0)=L(0), V0 € Param, ge€G. (2.2)

We describe examples of parameter space symmetries in the next section. Before doing

so, we show how a parameter space symmetry leads to flat minima (see Appendix A.2.6):

Proposition 2.3.3. Suppose G x Param — Param is a symmetry of £. If 0" is a critical point

(resp. local minimum) of L, then so is g- 0 for any g € G.

The proof of this result relies on using the differential of the action of g to relate the
gradient of L at 6* with the gradient at g - 0*. We see that, if 8" is a local minimum, then so is
every element of the set {g- 0" | g € G}. This set is known as the orbit of 8" under the action
of G. The orbits of different parameter values may be of different dimensions. However, in
many cases, there is a “generic” or most common dimension, which is the orbit dimension of

any randomly chosen 6.

2.3.3 Equivariance of the activation function

In this section, we describe a large class of linear symmetries of L using an equivariance

property of the activations between layers. For accessibility, we focus on the example of two
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layers with output F (x) = Uc(Vx) for (U,V) € Param = R™/ x R"™" and x € R". All results
generalize to multiple layers by letting U = W; and V = W,_ be weights of two successive layers
in a deep neural network (see Appendix A.2.5). Let G C GL;(R) be a subgroup of the general
linear group, and let 7 : G — GL,,(R) a representation (the simplest example is 7(g) = g). We

consider the following action of the group G on the parameter space Param:
gU=Un(g™"), gV=gv (2.3)
This action becomes a symmetry of L if and only if the following identity holds:
o(gz) = n(g)o () Vge G, VYzeR” (2.4)

We now turn our attention to examples. To ease notation, we write GL;, instead of GL,(R).

Example 2.3.4 (Linear networks). A simple example of equation 2.4 is that of linear networks,

where G is the identity function: 6(x) = x. One can take w(g) = g and G = GL,

Example 2.3.5 (Homogeneous activations). Suppose the activation ¢ : R" — R" is homogeneous,
meaning that (1) o is applied pointwise in the standard basis and (2) there exists o0 > 0 such
that 6(cz) = c*0 (z) for all ¢ € R~q and z € R". Such an activation is equivariant under the
positive scaling group G C GLy, consisting of diagonal matrices with positive diagonal entries.
Explicitly, the group G consists of diagonal matrices g = diag(c) withe = (cy,...,cp) € R};O. For
z=(z1,...,2n) €ER" and g € G, we have 6(gz) =¥ 0(cjz;) = Yjcfo(zj) =g%0(z). Hence,

the equivariance equation is satisfied with nt(g) = g%.

Example 2.3.6 (LeakyRelLU). This is a special case of homogeneous activation, defined as

0(z) = max(z,0) +smin(z,0), with s € R>g. We have o =1, and ©(g) = g.

Example 2.3.7 (Radial rescaling activations). A less trivial example of continuous symmetries

is the case of a radial rescaling activation [51] where for z € R", we have c(z) = f(||z||)z for
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some function f: R — R. Radial rescaling activations are equivariant under rotations of the
input: for any orthogonal transformation g € O(h) (that is, g' g = I) we have c(gz) = go (z)
for all z € R". Indeed, o(gz) = f(||gz|)(gz) = g(f(||z])z) = go(2), where we use the fact that

ezl = 2" " gz = 2"z = ||z|| for g € O(h). Hence, equation 2.4 is satisfied with m(g) = g.
We arrive at our first novel result, whose proof appears in Appendix A.2.6.

Theorem 2.3.8. The dimension of a generic orbit in Param under the appropriate symmetry

group is given as follows. The cases are divided based on whether h < max(n,m) or not.

Orbit Dimension
Activation Symmetry Group | h < max(n,m) | h > max(n,m)
Identity GL,(R) h? h(n-+m) —nm
Homogeneous | Positive rescaling h max(n,m)
Radial rescaling O(h) ® (%) - (h_ma; (m,n ))

As an aside, we note that a familiar example where equation 2.4 is satisfied involves the
permutation of neurons. More precisely, suppose o is pointwise and let G be the finite group of
h x h permutation matrices. Then equation 2.4 holds with 7(g) = g. However, the permutation

group is finite (O-dimensional), and so does not imply the presence of flat minima.

2.3.4 Infinitesimal Symmetries

Deriving conserved quantities from symmetries requires the infinitesimal versions of
parameter space symmetries. Recall that any smooth action of a matrix Lie group G C GL,
induces an action of the infinitesimal generators of the group, i.e., elements of its Lie algebra.
Concretely, let g = Lie(G) = T;G be the Lie algebra, which can be identified with a certain
subspace of matrices in gl, = R, For every M € g, we have an exponential map exp,, :
R — G defined as expy,(t) = Y1 (”}f—,)k If p : G — GL,, is a (linear) representation, then the

infinitesimal action is given by dp : g — gl, by dp(M) = % ‘Op (expy;(7)). In the case of the
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action appearing in equation 2.3, the corresponding infinitesimal action of the Lie algebra g

induced by equation 2.3 is given by:
M-U=-Udn(M), M-V =MV (2.5)

More generally, suppose G acts linearly on parameter space (see Appendix A.2 for non-linear
versions). Set d to be the dimension of the parameter space’, and make the identification
Param ~ R? by flattening matrices into column vectors. The general linear group GL(Param) ~
GL,(R) consists of all invertible linear transformations of Param. Suppose G is a subgroup of
GL(Param), so its Lie algebra g is a Lie subalgebra of gl, = R?*¢. For M € g and 0 € Param,
the infinitesimal action is given simply by matrix multiplication: M - 6.

In the case of a parameter space symmetry, the invariance of L translates into the following
orthogonality condition, where the inner product (,) : Param x Param — R is calculated by

contracting all indices, e.g. (A,B) = Y. Aiji..Bijk....

Proposition 2.3.9. Let G be a matrix Lie group and a symmetry of L. Then the gradient vector

field is point-wise orthogonal to the action of any M € g:
(VoL , M-0) =0, V0 € Param (2.6)

2.4 Nonlinear Data-Dependent Symmetries

For common activation functions, the equivariance o (gz) = m(g)o(z) of equation 2.4
holds only for g belonging to a relatively small subgroup of GL;. For ReL.U, g must be in the
positive scaling group, while for the usual sigmoid activation, the equation only holds for trivial
g = id. However, under certain conditions, it is possible to define a nonlinear action of the full
GL;, which applies to many different activations. The subtlety of such an action is that it is

data-dependent, which means that, for any g € GL,, the transformation of the parameter space

3In terms of the widths, we have d = ):{;1 nin;_1.
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depends on the input data* x.

The nonlinear action.
For any nonzero vector z € R”, let (r,ay,...,a,_1) be the spherical coordinates’ of z,

and define the following 4 by /& matrix:

(

, ~1
zicos(j_1) <H,’(;} sin(ock)> if j <iand Hk 1sm(ock) #0
(R2)ij = —rsin(oy) if j=i+1
0 otherwise

\

where 0 = 0 by convention. We observe that R; is the product of a rotation matrix and rescaling
by |z|. Moreover, since z # 0, the first column of R; is the unit vector z/|z| and R, has inverse
given by R = =% PRT Using these facts, one arrives at the following result, stated in the case of

a two-layer neural network with notation from Section 2.3.3, and proven in Appendix A.3:

Theorem 2.4.1. Suppose & (z) is nonzero for any z € R". Then there is an action GLj, x (Param x

R"™) — Param x R" given by

8" (U,V,X) = (URG(VX)R , 8V, X) (2.7

o(gVx)”’

The evaluation of the feedforward function at x is unchanged: Fy v)(x) = F(UR(;(vX) o ,gv)< X).

We emphasize that a necessary and sufficient condition for the particular action of
Theorem 2.4.1 to be well-defined is that &(z) be nonzero for any z € R”; this is the case for
usual sigmoid. Moreover, in Appendix A.3.2, we provide a generalization to the case where
o(z) is only required to be nonzero for any nonzero z € R", a condition satisfied by hyperbolic

tangent, leaky ReLU, and many other activations. The cost of such a generalization is a restriction

“That is, rather than being a map GLj, x Param — Param satisfying the group action axioms, a data-dependent
action is a map GLj, x (Param x R") — Param x R” satisfying the same axioms.
SHence, r = |z| is the norm, and the i-th coordinate of z is z; = rcos(o;) HZ;I] sin(oy ), where oy, = 0.
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to a ‘non-degenerate locus’ of Param x R” where Vx ## 0. Theorem 2.4.1 also generalizes to
mutli-layer networks, as explained in Appendix A.3.3. We have the following explicit algorithm

to compute the action of Theorem 2.4.1:
0. Input: weight matrices (U,V), input vector x € R”, matrix g € GL,,.

1. Determine the spherical coordinates of 6(Vx) and o (gVx), and construct the matrices
Re(vy) and R (gyy).

2. Compute the inverse R;(lng) = ng(ng).

3. SetU’' = URG(VX)R;(lng) and V' = gV.

4. Output: the transformed weights (U’,V’). The data x € R” remains unchanged.

Lipschitz bounds.

Unlike the exact symmetries of Section 2.3, a data-dependent action may alter the loss
in the function space. This is evident from equation 2.7: while the transformed and original
feedforward functions have the same value at x, they will differ at other points. That is, if ¥ € R

is an input value different from x, then Fy; y)(X) # Fur (¥) in general.

G(Vx)R;(lng) 8V)

However, the transformed feedforward function will differ from the original one in
a controlled way. More precisely, when o is Lipschitz continuous, we show that there is a
bound on how much the Lipschitz bound of the feedforward changes after the nonlinear action.
The relevance of such a bound originates in the fact that we expect the distance between data
points to encode important information about shared features. To be more specific, fix weight
matrices (U, V), which provide the feedforward function F (%) = Uc(VX). For any input vector

x € R" and matrix g € GL, the transformed weight matrices (URg(y )R ,gV) provide a

—1
o(gVx)

new feedforward function given by:

o) o (V) (2.8)
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Proposition 2.4.2 (Lipschitz bounds from equivariance). Let 6 be Lipschitz continuous with

o(Va)lllell

F&) s Lipschitz continuous with bound n||U||||V|| | eV

Lipschitz constant 1. Then V)

In particular, the Lipschitz bound of the original feedforward function is n||U||||V||-
Thus, if it happens that |6(Vx)|||g|| < |6(gVx)|, then the Lipschitz bound decreases when
transforming the parameters. Additionally, we observe that the nonlinear action does not disrupt
latent distribution of data significantly. See Appendix A.3.5 for proof of Proposition 2.4.2,
which relies on iterative applications of the Cauchy-Schwarz inequality, as well as the fact that

IR = [z,

General equivariance.

The action described is an instance of a more general framework of equivariance. Specif-
ically, a map ¢ : GLj, x R" — GL,, is said to be an equivariance if it satisfies (1) c(idy,,z) = idy
for all z, and (2) c(g1,822)c(g2,2) = c(g182,z) for all g1,g> € GL;, and z. These two condi-
tions on ¢ translate directly into the unit and multiplication axioms of a group®, generalizing
m(g1g2) = m(g1)m(g2), and m(id,) = id;,. Every equivariance gives rise to a nonlinear action
of GLj, on Param x R" given by g- (U,V,x) = (Uc(g,Vx)~!,gV,x). This action is a symmetry

preserving the loss if and only if the following generalization of equation 2.4 holds:
General Equivariance: o(gz) =c(g,2)0(z2) Vg € GL;, Vz € R” (2.9)

Rfl

An explicit example of such an equivariance is c(g,z) = R (g) o(2)

, and Proposition 2.4.2

generalizes to any general equivariance by replacing % with ||lc(g, Vx)~1.

2.5 Conserved Quantities of Gradient Flow

We have shown that continuous symmetries lead us along extended flat minima in the

loss landscape. In this section, we identify quantities that (partially) parameterize these minima.

SIn fact, ¢ defines a GLj-equivariant structure on the tangent bundle of R”,
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We first show that certain real-valued functions on the parameter space remain constant during
gradient flow. We refer to such functions as conserved quantities. Applying symmetries changes
the value of the conserved quantity. Therefore, conserved quantities can be used to parameterize

flat minima.

Gradient flow (GF).

Recall that GD proceeds in discrete steps with the update rule 8, = 0; — eVL(0,)
where € is the learning rate (which in general can be a symmetric matrix), and t =0,1,2,... are
the time steps. In gradient flow, we can define a smooth curve in the parameter space from a
choice of initial values to the limiting local minimum without discretizing over time. The curve
is a function of a continuous time variable r € R, and velocity of this curve at any point is equal
to the gradient of the loss function, scaled by the negative of the learning rate. In other words,

the dynamics of the parameters under GF are given by:
(1) =dO(t)/di = —eVg L. (2.10)

From an initialization 0(0) at t = 0, GF defines a trajectory 0(¢) € Param for r € R, which

limits to a critical point. In this way, GF is a continuous version of GD.

Conserved quantities.

A conserved quantity of GF is a function Q : Param — R such that the value of Q at
any two time points 5,7 € R~ along a GF trajectory is the same: Q(0(s)) = Q(0(¢)). In other
words, we have dQ(0(t))/dt = 0. Note that, if f: R — R is any function, and Q is a conserved
quantity, then the composition f o Q is also a conserved quantity. Several conserved quantities
of GF have appeared in the literature, most notably layer imbalance Qi = ||Wil|? — [|Wi—1 ||?
[38] for each pair of successive feedforward linear layers (o (x) = x), and its full matrix version
Qi =W/ W = Wi WL,.

We now propose a generalization of the layer imbalance by associating a conserved
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quantity to any infinitesimal symmetry. As in Section 2.3.2, suppose a matrix Lie group G acts
linearly on the parameter space. Then, from equation 2.6, we have the identity (VoL,M - 0) =0
for any element M in the Lie algebra g. Using the gradient flow dynamics equation 2.10, this
identity becomes:

(e7'0,M-0)=0 (2.11)

In other words, the velocity at any point of a gradient flow curve is orthogonal to the infinitesimal
action. For simplicity, we set the learning rate to the identity: € = I (all results generalize to
symmetric €.) The following proposition (whose proof is elementary and well-known) provides a
way of ‘integrating’ equation equation 2.11, in the appropriate sense, in order to obtain conserved

quantities:

Proposition 2.5.1. Suppose the action of G on Param is linear’ and leaves L invariant. For any

M € g, there is a conserved quantity Qy : Param — R given by Qy(0) = (0 , M - 0).

While Proposition 2.5.1 directly links the infinitesimal action to conserved quantities,
it has the limitation that the conserved quantity corresponding to an anti-symmetric matrix
M = —MT in g is constantly zero, and we do not obtain meaningful conserved quantities.
Instead, we can only conclude that flow curves satisfy the differential equation equation 2.11.
Fixing a basis (6',---69) for Param ~ R, this equation becomes ¥ ; M;;r7;¢;; = 0 where

rii, ;) are the polar coordinates for the point (0;,0 ;) € R? (see Appendix A.2.9). In summary,
o Pij P |y J pp y

we find:
Mecg symmetric M anti-symmetric M
differential equation conserved quantity differential equation
6TM6 =0 Ou(8)=06"Mo Yicjmijr9ij =0

"For simplicity, we also assume that G is closed under taking transposes, and acts faithfully on the parameter
space. These assumptions generally hold in practice; see Appendix A.2 for a version with fewer assumptions.
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Conserved quantities parametrize symmetry flat directions.

We observe that applying a symmetry changes the values of the conserved quantities Qys
(Figure 2.1). Indeed, for M € g and g € G, we have Qu(g-0) = Q,r,(0) for all @ € Param,
so applying the group action® transforms the conserved quantity Oy to Q,7pg- As discussed in
Section 2.3, applying g to a minimum 0™ of L yields another minimum g - 8; hence applying
symmetries leads to a partial parameterization of flat minima. Note that, in general, we may
lack sufficient number of Qy, to fully parameterize a flat minimum. For example, in the linear
network UVx, G = GL,, and flat minima generically have /#?> dimensions, whereas the number
of independent nonzero Qy is h(h+ 1) /2, which is the dimension of the space of symmetric
matrices M = M7 in gl,,.

In gradient descent, the values of these conserved quantities may change due to the time
discretization. However, the change in Q is expected to be small. For example, in two-layer linear
networks, the change of Q is bounded by the square of learning rate. Appendix A.4 contains

derivations and empirical observations of the magnitude of change in Q.

Relation to Noether’s theorem.

In physics, Noether’s theorem [112] states that continuous symmetries give rise to
conserved quantities. Recently, [134] showed that Noether’s theorem can also be applied to
GD by approximating it as a second order GF. We show that in the limit where the second
order GF reduces to first order GF equation 2.10, results from Noether’s theorem reduce to our
conservation law <M9, VL> = 0 equation 2.6. In short, using Noether’s theorem, the conserved
Noether current is Jy; = €'/ TJop with Joy = <]\_49 e ! 9>. In the limit T — 0, using equation 2.10,
Jom = <1\_/I 0 VL> = 0 and the conservation dJys/dt = 0 implies Joy, = 0, meaning we recover

equation 2.6. Details appear in Appendix A.1.

8Note that this procedure only works if g7 Mg belongs to g, which is the case the examples we consider.

31



Examples.
We present examples of conserved quantities for two-layer neural networks. all of which
directly generalize to the multi-layer case. See Appendix A.2.9 for full derivations (which heavily

rely on properties of the trace). We adopt the notation of Section 2.3.3.

Example 2.5.2 (General equivariant activation). Suppose © is equivariant under a linear action of
a subgroup G C GLy(R), so that w(g)o(z) = 0(gz). Then the two-layer network F(z) =Uc (Vz)
is invariant under G, as is the loss function. For symmetric M € g, Proposition 2.5.1 yields the

following conserved quantity:
O : Param — R, Ou(U,V)=Tr [VIMV] —Tr [UTUdR(M)] (2.12)

Indeed, this follows from the fact that M - (U,V) = (=Udn(M),MV), as in equation 2.5.

Example 2.5.3 (Imbalance in linear layers). Suppose the network is linear. Then 6(z) =z
and the loss is invariant under GLj,(R). For symmetric M we have the conserved quantity
Ou(U,V)=Tr [(VVT — UTU)M]. Moreover, each component of the matrix VVT —UTU is

conserved.

Example 2.5.4 (Homogeneous activation under scaling). Suppose o is a homogeneous activation
of degree a. Let G = (]R>0)h be the positive rescaling group, so that 6(gz) = g*o(z) for any
g € G and 7 € R". Note that the Lie algebra of G consists of all diagonal matrices in g, so
that, in particular, each M € g is symmetric. Since dn(M) = oM for any M € g, we obtain the
conserved quantity Qu(U,V) = Tr [(VVT — aUTU)M]. Using the basis M = Ey, we see that
Q =diag [VVT —aUTU } is conserved (here, diag[A] is the leading diagonal). Special cases of

this are LeakyReLU and ReLU with ot = 1.

Example 2.5.5 (Radial rescaling activations). Let ¢ be such a radial rescaling activation. As
in Section 2.3.3, the orthogonal group G = O(h) is a symmetry of L. The Lie algebra g = so,

comprises anti-symmetric matrices, and so Proposition 2.5.1 yields no non-trivial conserved
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quantities. However, using the canonical basis of g = soj, given by Ejy = Ey — Ej (so (k]
indicates anti-symmetrized indices), one uses equation equation 2.11 to deduce the following

novel result (see Appendix A.2.9):

Theorem 2.5.6. When o is a radial rescaling activation, we have:
vl —vvl Lutu-0tu =0 (2.13)

for any (U,V) € Param, where the dots indicate derivatives with respect to gradient flow.

Expanding the (k,l) entry of the matrix on the left-hand-side of equation 2.13, we obtain:
Y51 75 st QU skt + Xy 17 gy By a = O, where (ry sua, Qu sia) and (ryr gyq, yr ) are the
2D polar coordinates of the points (Ug.,Uy;) and (Vsi, VY?) This is analogous to the “angular
momentum” in 2D, that is: x \x = r>¢. Intuitively, Theorem 2.5.6 implies that in every 2D plane
(k,1), the angular momenta of the rows of U and the columns of V sum to zero. These results

also apply to linear networks F (x) = UVx, since rotational symmetries are linear.

2.6 Distribution of Conserved Quantities under Xavier
Initialization

We first consider a linear two-layer neural network UV X, where U € ]R’"Xh, V e R>n,

and X € R™*. We choose the following form of the conserved quantity:
1 T T
QZETr[U Uu-vval. (2.14)

Xavier initialization keeps the variance of each layer’s output the same as the variance of the
input. Under Xavier initialization [53], each element in a given layer is initialized independently,

with mean 0 and variance equal to the inverse of the layer’s input dimension:

1 1
Uij:JV(O,z) Vij:</V<0,;> (2.15)
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The expected value of Q is

E[[] Q] = Var(U;j) xmx h+Var(V;j) x h x n=m—h. (2.16)

Figure 2.2 shows the distribution of Q for 2-layer linear NN with different layer dimensions.
For each dimension tuples (m,h,n), we constructed 1000 sets of parameters using Xavier

initialization. The centers of the distributions of Q match Eq. equation 2.16.

250
200 200 200
9 > >
S 150 < 150 < 150
=] 3 =]
& 100 g 100 5100
50 " so " 50
0 0 0-
-106 -103 -100 -97 -94 94 96 98 100 102 104 106
Q Q
(a) m,h,n = 100,100, 100. (b) m,h,n = 100,200, 100. (¢) m, h,n = 200,100, 100.

Figure 2.2. Distribution of Q for 2-layer linear NN with different layer dimensions.

Next, we consider the nonlinear two-layer neural network Uc(VX), where 6 : R — R
is an element-wise activation function. For simplicity, we assume whitened input (X =1). We

choose the following form of the conserved quantity:

1 T Vaj — o(x)
Q—ETr[U U]—QZ;/O dxcl(x) (2.17)

Figure 2.3 shows the distribution of Q for 2-layer linear NN with different nonlinearities, each
with 1000 sets of parameters created under Xavier initialization. The shapes of the distributions
are similar to that of linear networks. The value of Q is usually concentrated around a small
range of values. Since the range of Q is unbounded, the Xavier initialization limits the model to

a small part of the global minimum.
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Figure 2.3. Distribution of Q for 2-layer linear NN with different nonlinearities, with parameter
dimensions m = h = n = 100.

2.7 Conserved Quantity and Convergence Rate

The values of conserved quantities are unchanged throughout the gradient flow. Since
the conserved quantities parameterize trajectories, initializing parameters with certain conserved
quantity values accelerates convergence. For two-layer linear reparametrization, [135] derived
the explicit relation between layer imbalance and convergence rate. We derive the relation
between conserved quantities and convergence rate for two example optimization problems and
provide numerical evidence that initializing parameters with optimal conserved quantity values

accelerates conver gence.

2.7.1 Example 1: Ellipse

We first show that the convergence rate is related to the conserved quantity in a toy

optimization problem. Consider the following loss function with a € R:

L(wi,w2) = wi +aw3
VL = (2wy,2awy) (2.18)
Assuming gradient flow,
dwi dw>
T =V, L=—-2w 7 —Vy,L = —2aw; (2.19)
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Then wy,w, are governed by the following differential equations:
wi (I) = W10€_2t Wz(l‘) = W2Oe—2at (2.20)

where wy,wy, are initial values of w; and w,. We can find conserved quantities by using an
ansatz Q = f (w’lwlﬁ) and solving VQ - VL = 0 for i,k. Below we use the following form of

conserved quantity:

2a W2a
o="1L_—"h 2.21)
wy Wy,

To show the effect of Q on the convergence rate, we fix L(0) and derive how Q affects L(z). Let

L(0) = w%o + aw%0 = Lo. Let wy, continue to be an independent variable. Then w%o =Ly— aw%o.

Substitute in w%o, the loss at time ¢ is

L(t) = wi(t)* +awa(1)? = (Lo — aw%o)e*‘” + aw%oe%‘” (2.22)
and Q becomes
2a 2 \a
w Lo —aw
Q=1 (Lo —aw,)* 5 ) (2.23)
W2 W2

The derivative of L in the direction of Q is

~1
oL (1) = dL(t) dwy, B dL(t) ( dQ >

~dwy, dQ  dwy, \dwy,

= (—Zawzoe_4’ +2awy,e )

_ -1
_4at) <a(L0 — aw%o)“ 1(—2awzo)w%0 — 2wy, (Lo — aw%o)“>
w2

0
(—2awzoe’4’ + 2awy e~ ) wgo
a(Ly— aw%o)“*1 (—261W20)W%0 —2woy (Lo — aw%o)“
_ 2awsy (¢ —e ) (2.24)
2w, (Lo — aw%o)"_1 <—a2w%0 — (Lo — aw%0)>
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In general, dpL(t) # 0, meaning that the loss at time ¢ depends on Q. Since we have
fixed the initial loss, the convergence rate L(¢) — L(0) also depends on Q. Special cases where
doL(t) = 0 include a = 1 (circle), a = 0 (collapsed dimension), and certain initializations such

as wyp, = 0 (local maximum of gradient magnitude).

2.7.2 Example 2: Radial Activation Functions

In this example, we find the conserved quantities and their relation with convergence rate
for two-layer reparametrization with radial activation functions under spectral initialization.

Define radial function g : R”*" — R™*" as
8(W)ij = h([Wil) Wij, (2.25)

1
where [W;| = (X, W3)? is the norm of the i’ row of W, and i : R — R outputs a scalar.

Consider the following objective:
argming, {L(U,V) = 5[V ~ Ug(V")[}) (2.26)
with spectral initializations
Uy = DPUy,Vp = ¥V,
where @, ¥ come from the singular value decomposition ¥ = ®Xy W’ and U,V are random

diagonal matrices.

Proposition 2.7.1. Under the gradient flow U = —VyL and V = —VyL, the following quantity

s an invariant:

1 T Vi - g(x)
Q= 5Tr[U U] —Xi: /x 0 dxg, ® (2.27)
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Proof. Since g is a radial function on rows and W7 is an orthogonal matrix, g(VT‘PT) =
g(VT)‘PT. With spectral initialization, the loss function can be reduced to only involving

diagonal matrices:

L= %HY—Ug(VT)Hzzv
- %Hcpzq” — dU[(¥V)" |7
_ %HCDZ‘PT ~oUg(V )97 |3
- %H‘P (z-Tev")) 9" I

1 — =T
=3IZ=Te(V")I7 (2.28)

Since V is a diagonal matrix, g is now an element wise functionon V. Let W = Ug (VT). The

gradients for U and V are

aL

ETia ViLe(V)"

aL — —

= Vi L'TU 0 g (V) (2.29)

where g'(x) = dg(x)/dx is the derivative of the nonlinearity. Additionally, since L does not

depend on ® and W,
dL  JdL
el 2.
90~ oW (2.30)
Since the rows of @,V are orthogonal,
dL  dL —
—&" =V Lg(V) @
U~ U whe(V)
dL dL
— ==V = (VgLl'UogdV))¥" 2.31
5 = = (Vwl'Uog (V) (2.31)

® and ¥ are not changed in gradient flow, so g—g = 99T and 29 = aQ‘PT Define
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inner product on matrices as (X,Y) = Tr[X7Y]. For Q to be a conserved quantity, we need

(VL,VQ) =

dL dQ dL dQ
oV’ v

ﬁ7ﬁ> + )
_ J - d
= (ViLg(V)T @, %qﬂ + (VgL' o g (V) ¥’ agqﬂ
20 20

= (ViyLg(V)T, ﬁ) +{(VgL'Uog (V) 7ﬁ>

—Tr [aUT OViLe(V) + U VipL(oyQ® g’(V))] —0 (2.32)

(VL,VQ) = (

Following the same procedure as for elementwise functions, to have a Q which satisfies equa-

tion 2.32 it is sufficient to have

0 — . _
2L W)=~ fO VeV fOV)ER  233)
aj

For simplicity, let f(U,V) = 1. Then, equation 2.33 is satisfied by

Q:—TrUT Z/" 8(x) (2.34)

]

[135] shows that the conserved quantity Q appears as a term in the convergence rate
of the matrix factorization gradient flow. We observe a similar relationship between Q and
convergence rate when the loss function is augmented with a radial activation function, as shown

in the following proposition.

Proposition 2.7.2. Consider the objective function and spectral initialization defined in Proposi-

tion 2.7.1. Let h(|Wy]) = [Wi| 2, and X = Ug(V") = ®XxVT. Then, the eigencomponent of X
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approaches the corresponding eigencomponent of Y at a rate of

1
6F = 7(of — o) (o 417 (2.35)
1

where 6X = diag(Xx);, 6! = diag(Zy);, and A; = U2 +V? are conserved quantities.

1

Proof. Similar to [135], components can be decoupled, and we have a set of differential equations

on scalars:

dg(v;
vi = [0} —mg(vi)]u; fg(—l) (2.36)
Vi
We also have
oo 48 dvi v (dg))
)= =0} —uig(v)]i; . 2.37
o) = 590 — (o ~metwm (57 2.37)
Let 0X =#;g(v;). Then
X = = — =
6; =uig(vi) +uig(vi)
dg(¥)\*
= [0 —uig(v)] [g(vozw%( ffv’)) ] (2.38)
l

Since V is a diagonal matrix, g is now an element wise function on V. Specifically, g(v;) =

According to Proposition 2.7.1, the following quantity is invariant:

1 glx) 1 v, 1
= [ty =g [ e = g g (239
l

Since any function of the invariant is also invariant, we will use the following form:
0=UT+V'V, (2.40)
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and define

A= Qi =i +v; (241)

Using the g that we defined,

o =wg(v;) =um; L. (2.42)

In order to relate X and Q, we first write &; and ¥; as functions of GiX ad Q using equation 2.41

and equation 2.42:

Ao’ Ai
w =0 V= (2.43)
oX"+1 oX"+1
Then, substitute u;, v;, g(v;), and % into equation 2.38, and we have
X . oo (dg(@))]
6 = [oi—wig(i)] |8 ()" +1; | =
1 2 ) _2 2_
= [Gl u,g(v,)} = +u; (—vl )
= [of —mg()] ()" +u; (v)) 7]
i -1 -2
v x A AioX? A
= [Gf Gi ] X2 X2 X2
o; +1 o; +1\o/ +1
y X _ 1X2+1 iXZ(GiXZJfl)
=loi —o] |7 A
: x4 X
o’ +207 " +1
_ [GiY GIX] i l'l
1l v X\ X2 2
1
OJ
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Proposition 2.7.2 relates the rate of change in parameters c'rl-X and the conserved quantity
Ai. To get a more explicit expression of how A; affects convergence rate, we will derive a bound

for |6} — 6X|, which describes the distance between trainable parameters to their desired value.

Proposition 2.7.3. The difference between the singular values of Ug(VT) and Y is bounded by

l6X —of| < |6 (0)— o) e . (2.45)
Proof. Note that
x_ Lo v _xy X2 ool v x
0; :I(Gi —o;)(of " +1)° = I(Gi —o;) (2.46)
Consider the following two differential equations, with same initialization a(0) = b(0):

i=~(0—a)a+1)’

o) = > —

b= —(c—b) (2.47)

In these equations, both a and b moves from a(0) = 5(0) to 6 monotonically. Since ¢ > b at

every a = b, a will always be closer to o than b does. We can explicitly solve for b, which

t

yields b(t) = o+ (b(0) — O')e*%. Then the distance between b and ¢ is |b— o| = |b(0) — ole” 7.

Using |[b— o

, we can bound |a — o|:

la— 0| < |b— 0| =|b(0)—cle % (2.48)

Therefore,
of — o | <|6¥(0) ~ ol | (2.49)
O
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Since A is a conserved quantity, its value set at initialization remains unchanged through-
out the gradient flow. Therefore, we are able to optimize the convergence rate by choosing a

favorable value for A at initialization. In this example, smaller A;’s lead to faster convergence.

2.7.3 Experiments

We compare the convergence rate of two-layer networks initialized with different Q
values. We run gradient descent on two-layer networks with whitened input with the following

objective
argming ,{L({U,V) = |Y —Uoc(V")|7} (2.50)

where o is the identity function, ReLU, sigmoid, or tanh. Matrices ¥ € R3*10 7 € R3*50
and V € R19%30 have random Gaussian initialization with zero mean. We repeat the gradient
descent with learning rate 0.1, 0.01, and 0.001. The learning rate is set to 1073, as we do not
observe significant changes in the shape of learning curves at smaller learning rates. U and V are

initialized with different variance, which leads to different initial values of Q.

10? 10? 10?
—— Q=0.00309

Q=0.309
— Q=309

10° 100 10°

Loss
Loss
Loss

102 10-2

102

0 2e+05 4e+05 0 2e+05 4e+05 0 2e+05 4e+05 0 4e+05 8e+05
Training steps Training steps Training steps Training steps

(a) Linear. (b) ReLLU. (c) Tanh. (d) Sigmoid.

Figure 2.4. Training curves of two-layer networks initialized with different Q. The value of Q
affects convergence rate.

As shown in Fig.2.4, the number of steps required for the loss curves to drop to near
convergence level is correlated with Q in both linear and element-wise nonlinear networks.
This result provides empirical evidence that initializing parameters with optimal values for Q

accelerates convergence.
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We then demonstrate the effect of conserved quantity values on the convergence rate of
radial neural networks. Fig.2.5 shows the training curve for loss function defined in Proposition
2.7.2. We initialize parameters U € R>*> and V € R!9%3 with 4 different values of Q and
the learning rate is set to 107. As predicted in Eq. 2.45, convergence is faster when Q =

Tr[UTU +VTV] is small.

10714

I N

107*4 —— Q=0.00206
Q=0.206

—— Q=206

107 —— Q=2.06e+03

Loss

10710 4

02 0.4 0.6 08 1.0
Training steps 1e6

Figure 2.5. Training curve for the loss function defined in Proposition 2.7.2. Smaller value of
Q = Tr[UTU 4 VTV] at initialization leads to faster convergence.

2.8 Conserved Quantity and Generalization Ability

Conserved quantities parameterize the minimum of neural networks and are related to the
eigenvalues of the Hessian at minimum. Recent theory and empirical studies suggest that sharp
minimum do not generalize well [64, 76, 113]. Explicitly searching for flat minimum has been
shown to improve generalization bounds and model performance [28, 46, 77]. We derive their
relationship for the simplest two-layer network, and show empircally that conserved quantity
values affect sharpness. Like convergence rate, a systematic study of the relationship between

conserved quantity and generalization ability of the solution is an interesting future direction.

2.8.1 Example: Two-Layer Linear Network with 1D Parameters

We again consider the two-layer linear network with loss L = %HY —UVX|]>. For

simplicity, we work with one dimensional parameters U,V € R and assume X =Y =1 in this
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Figure 2.6. Gradient flow for L(U,V) = 1||Y —UVX||>, where U,V € R, Y =2, and X = 1.
Trajectories corresponding to different values of Q intersect the minima at different points.

example. We show that at the point to which the gradient flow converges, the eigenvalues of the
Hessian are related to the value of the conserved quantity.
The gradients and Hessian of L are
—(Y —UVX)VX V2x? —~YX +2UVX?

VL= H = (2.51)
—(Y -UVX)UX —~YX +2UVX? Ux?

At the minima, U,V are related by UVX =Y. Recall that Q = U? — V? is a conserved quantity.

From the above two equations, we can write U,V as functions of Q. Taking the solution

U=\/1(Q+VQ*+4),V = 1/1(~0+ /0 +4) and substitute in X =¥ = 1, we have

H = , (2.52)
1 Yo+ Ve )
and the eigenvalues of .7 are
A =0, A =2+/0?%+4. (2.53)

We have shown that Q is related the eigenvalues of the Hessian at the minimum. Since
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the eigenvalues determines the curvature, Q also determines the sharpness of the minimum,
which is believed to related to model’s generalization ability. The result in this example can also
be observed in Figure 2.1, where the minimum of the Q = 0O trajectory lies at the least sharp

point of the loss valley.

2.8.2 Experiments: Two-Layer Networks

The goal of this section is to explore the relation between Q and the sharpness of the
trained model. We measure sharpness by the magnitude of the eigenvalues of the Hessian, which
are related to the curvature at the minima. We use the same loss function equation 2.50 in
Section 2.7.3. The parameters are U € R'9*30 and V € R3*%°, each initialized with zero mean
and various standard deviations that lead to different Q’s. We first train the models using gradient
descent. We then use the vectorized parameters in the trained model to compute the eigenvalues
of the Hessian.

The linear model extends the example in Section 2.8.1 to higher dimension parameter
spaces. 700 out of the 750 eigenvalues are around 0 (with magnitude < 10~3), which verifies the
dimension of the minima in Proposition A.2.9. After removing the small eigenvalues, the center
of the eigenvalue distribution correlates positively with the value of Q (Figure 2.7(a)). In models
with nonlinear activations, Q is still related to eigenvalue distributions, although the relations

seem to be more complicated.

20 = Q=1.93e-04 . Q=3.25e-04

Q=17.3 Q=29.2 1
. Q=69.3 320 Q=117
= Q=156 ] == Q=263

-
«
v

Frequency
-
w
Frequency
=
o
Frequency

v

o

0 50 100 150 200 250 00 50 100 150 0 50 100 0 50 100 150
Eigenvalues of Hessian Eigenvalues of Hessian Eigenvalues of Hessian Eigenvalues of Hessian

(a) Linear. (b) ReLLU. (c) Tanh. (d) Sigmoid.

Figure 2.7. Eigenvalues of the Hessian from trained models initialized with different conserved
quantity values (Q). The distribution of the eigenvalues and the value of Q appear to be related.
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2.9 Ensemble Models

In neural networks, the optima of the loss functions are connected by curves or volumes,
on which the loss is almost constant [48, 52, 37, 21, 70]. Various algorithms have been proposed
to find these low-cost curves, which provides a low-cost way to create an ensemble of models
from a single trained model. Using our group actions, we propose a new way of constructing
models with similar loss values. We show that even with stochasticity in the data, the loss is
approximately unchanged under the group action (Appendix 2.9). This provides an efficient
alternative to build ensemble models, since the transformation only requires random elements in
the symmetry group, without any searching or additional optimization.

We implement our group actions by modifying the activation function between two
consecutive layers. Let H = VX be the output of the previous layer. The group action on the

weights U,V is

where 7(g,H) = 6(H)o(gH)". The new activation implements the symmetry group action

Uo(H) —Un(g,H)o(gH) (2.55)

by wrapping the transformations around an activation function ¢’(x) = (g, x)o(gx), so that
Uo'(H)=Un(g,H)o(gH).

We test the group action on CIFAR-10. The model contains a convolution layer with
kernel size 3, followed by a max pooling, a fully connected layer, a leaky ReLLU activation, and
another fully connected layer. The group action is on the last two fully connected layers. After
training a single model, we create transformed models using g = I + eM, where M € R3**32 is a
random matrix and € controls the magnitude of movement in the parameter space. We then use

the mode of the transformed models’ prediction as the final output.
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We compare the ensemble formed by group actions to four ensembles formed by various

random transformation. Let g = I 4+ M. The random baselines are:
* ‘group’: (U,V)+— (Un(g,H),gV). This is the model created by group actions.
« g " (UV) = (Ug hgV).
e ‘random’: (U,V)+— (Ug',gV), where ¢’ = I+ €D and D is a random diagonal matrix.

e ‘shuffle’: (U,V)+— (Un'(g,H),gV), where 7’(g,H) is constructed by randomly shuffling

(g, H).

V), where

IHE(I+8)\ 71 1+5(1+5)
I+¢ > I+e

‘interpolated permute’ or ’perm_interp’: (U,V) — (U (

S € R32%32 is a random permutation matrix.

Figure 2.8 shows the accuracy of the ensembles compared to single models. The ensemble
formed by group actions preserves the model accuracy for small € and has smaller accuracy
drop at larger €. The ensemble model also improves robustness against Fast Gradient Signed
Method (FGSM) attacks (Figure 2.9). Under FGSM attacks with various strength, the ensemble
model created using group actions consistently performs better than the baselines with random
transformations. However, the same improvement is not observed under Projected Gradient

Descent (PGD) attacks.

accuracy (group - original) accuracy (interpolated permute - original) accuracy (g~ - original) accuracy (random - original) accuracy (shuffle - original) 0.4

20.0 20.0 12K

10.0 10.0 45

01 w 01 w 01
0.01 0.01 0.01
0.001 0.001 0.001

0.0001 0.0001 0.0001

o o
N ~
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o O S O ® & .S O & & O S O ® & O S & & . O
RO NN @ PG PRSP R PRSP

# of transformed models (num_g) # of transformed models (num_g) # of transformed models (num_g) # of transformed models (num_g) # of transformed models (num_g)

PR e

K

Figure 2.8. Change in accuracy compared to the original single model when using the ensemble
model and 4 baselines. The red color indicates degradation in model performance. The ensemble
created by group actions has similar loss values when € is small.
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Figure 2.9. Adversarial attacks on the original model and the ensemble models with various
strengths. In FGSM, the group ensemble model improves robustness. In PGD, the ensemble has
negligible effects on robustness.

2.10 Discussion

In this paper, we present a general framework of equivariance and introduce a new class
of nonlinear, data-dependent symmetries of neural network parameter spaces. These symmetries
give rise to conserved quantities in gradient flows, with important implications in improving
optimization and robustness of neural networks. While our work sheds new light onto the link
between symmetries and group, it contains several limitations, which merit further investigation.
First, we have not been able to determine conserved quantities in the radial rescaling case, only a
differential equation that gradient flow curves must satisfy. Second, one major contribution of
this paper is the non-linear group action of Section 2.4. However, our formulation only gurantees
full GL;, equivariance for batch size k = 1. In future work, we plan to explore more consequences
and variations of this non-linear group action, with the hope of generalizing to greater batch size.
Finally, in many cases, parameter space symmetries lead to model compression: i.e., finding a

lower-dimension space of parameters with the same expressivity of the original space.
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Chapter 3

Understanding Mode Connectivity via
Parameter Space Symmetry

In this chapter, we continue to explore symmetry’s implication on the loss landscape,
focusing on the connectedness of minimum. Neural network minima are often connected by
curves along which train and test loss remain nearly constant, a phenomenon known as mode
connectivity. While this property has enabled applications such as model merging and fine-
tuning, its theoretical explanation remains unclear. We propose a new approach to exploring
the connectedness of minima using parameter space symmetry. By linking the topology of
symmetry groups to that of the minima, we derive the number of connected components of the
minima of linear networks and show that skip connections reduce this number. We then examine
when mode connectivity and linear mode connectivity hold or fail, using parameter symmetries
which account for a significant part of the minimum. Finally, we provide explicit expressions
for connecting curves in the minima induced by symmetry. Using the curvature of these curves,
we derive conditions under which linear mode connectivity approximately holds. Our findings

highlight the role of continuous symmetries in understanding the neural network loss landscape.

3.1 Introduction

Among recent studies on the loss landscape, a particularly interesting finding is mode

connectivity [37, 52]—the observation that distinct minima found by stochastic gradient descent
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(SGD) can be connected by continuous, low-loss paths through the high-dimensional parameter
space. Mode connectivity has important implications for other aspects of deep learning theory,
including the lottery ticket hypothesis [47] and the analysis of loss landscapes and training
trajectories [56]. Mode connectivity has also inspired applications in diverse fields, including
model ensembling [52, 21, 22], model averaging [70, 145], pruning [47], improving adversarial
robustness [163], and fine-tuning for altering prediction mechanism [95].

Despite extensive empirical validation, mode connectivity, especially linear mode connec-
tivity, remains largely a theoretical conjecture [6]. The limited theoretical explanation suggests a
need for new proof techniques. In this paper, we focus on parameter symmetries, which encode
information about the structure of the parameter space and the minimum. Our work introduces a
new approach towards understanding the topology of the minimum and complements existing
theories on mode connectivity [153, 48, 109, 110, 81, 127, 111].

Discrete symmetry is known to be related to mode connectivity. In particular, the neural
network output, and hence the minimum, is invariant under neuron permutations [63]. Several
algorithms have been developed to find optimal permutations for linear connectivity [130, 3],
and [41] conjecture that all minima found by SGD are linearly connected up to permutation.
Compared to discrete symmetry, the role of continuous symmetry, such as positive rescaling in
ReLU, in shaping loss landscape remains less well studied.

We explore the connectedness of minimum through continuous symmetries in the param-
eter space. Continuous symmetry groups with continuous actions define positive dimensional
connected spaces in the minimum [160]. By relating topological properties of symmetry groups
to their orbits and the minimum, we show that both continuous and discrete symmetry are useful
in understanding the origin and failure cases of mode connectivity. Additionally, continuous
symmetry defines curves on the minimum [161]. This enables a principled method for deriving
explicit expressions for paths connecting two minima, a task that previously relied on empirical
approaches.

Our main contributions are:
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* Providing the number of connected components of full-rank linear regression with and
without skip connections, by relating topological properties of symmetry groups to those

of minima.

* Proving mode connectivity up to permutation for linear networks with invertible weights.

* Deriving examples where the error barrier on linear interpolation of minima is unbounded.

* Deriving explicit low-loss curves that connect minima related by symmetry, and bounding
the loss barrier on linear interpolations between minima using the curvature of these

Curves.

3.1.1 Related Work
Mode connectivity.

[52] and [37] discover empirically that the minima of neural networks are connected by
curves on which train and test loss are almost constant. It is then observed that SGD solutions
are linearly connected if they are trained from pre-trained weights [108] or share a short period
of training at the beginning [47]. Additionally, neuron alignment by permutation improves mode
connectivity [130, 136]. Subsequently, [41] conjecture that all minima found by SGD are linearly
connected up to permutation. Following the conjecture, [3] develop algorithms that find the
optimal alignment for linear mode connectivity, and [72] further reduce the barrier by rescaling
the preactivations of interpolated networks.

It is worth noting that linear mode connectivity does not always hold outside of computer
vision. Language models that are not linearly connected have different generalization strategies
[73]. [95] further show that the lack of linear connectivity indicates that the two models rely on
different attributes to make predictions. We derive new theoretical examples of failure cases of

linear mode connectivity (Section 3.3.2).
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Theory on connectedness of minimum.

Several work explores the theoretical explanation of mode connectivity by studying
the connectedness of sub-level sets. [48] show that the minimum is connected for 2-layer
linear network without regularization, and for deeper linear networks with L2 regularization.
Futhermore, they show that the minimum of a two-layer ReLU network is asymptotically
connected, that is, there exists a path connecting any two solutions with bounded error. [109]
proves that the sublevel sets are connected in pyramidal networks with piecewise linear activation
functions and first hidden layer wider than 2N, where N is the number of training data). The
width requirement is later improved to N 41 [110].

Others prove connectivity under dropout stability. [81] show that a piece-wise linear path
exists between two solutions of ReLU networks, if they are both dropout stable, or both noise
stable and sufficiently overparametrized. [127] generalize this proof to show that wider neural
networks are more connected, following the observation that SGD solutions for wider network
are more dropout stable. [111] give a new upper bound of the loss barrier between solutions
using the loss of sparse subnetworks that are optimized, which is a milder condition than dropout
stability.

A few papers provide theoretical insights into linear mode connectivity using different
approaches. [153] explain linear mode connectivity by finding a convex hull defined by SGD
trajectory endpoints. [43] use optimal transport theory to prove that wide two-layer neural
networks trained with SGD are linearly connected with high probability. [129] explain the
topography of the loss landscape that enables or obstructs linear mode connectivity. [167] show
that the feature maps of each layer are also linearly connected and identify conditions that
guarantee linear connectivity. [6] analyze effects of architecture, optimization algorithm, and
dataset on linear mode connectivity empirically.

We approach the theoretical origin of mode connectivity via continuous symmetries in
the parameter space, a connection that has not been previously established. This connection

leads to new topological results and explicit expressions of low loss curves. Using these results,
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we also contribute to the understanding for linear mode connectivity by providing conditions

under which it approximately holds.

Symmetry in the loss landscape.

Discrete symmetries have inspired a line of work on loss landscapes. [24] show that
permutations of a layer are connected within a loss level set. By analyzing permutation symme-
tries, [128] characterize the geometry of the global minima manifold for networks and show that
adding one neuron to each layer in a minimal network connects the permutation equivalent global
minima. Continuous symmetries have also gained attention in optimization [16, 114, 82, 157].
By removing permutation and rescaling symmetries, [115] study the geometry of minima in the
functional space. [160] find a set of nonlinear continuous symmetries that partially parametrizes
the minimum. [161] use symmetry induced curves to approximate the curvature of the minimum.
Our paper explores a new application of parameter symmetry—explaining the connectedness of

the minimum.

3.1.2 Preliminaries

Consider two topological spaces X and Y. Amap f : X — Y is continuous if for every
open subset U C Y, its preimage f~'(U) is open in X. If X and Y are metric spaces with metrics
dx and dy respectively, this is equivalent to the delta-epsilon definition. That is, f is continuous if
atevery x € X, for any € > 0 there exists § > 0 such that dx (x,y) < 0 implies dy (f(x), f(y)) < €
forall y € X.

A topological space is connected if it cannot be expressed as the union of two disjoint,
nonempty, open subsets. A topological space X is path connected if for every p,q € X, there is
a continuous map f : [0,1] — X such that f(0) = p and f(1) = ¢. Path connectedness implies
connectedness. The converse is not always true [89], but counterexamples are often specifically
constructed and unlikely to be encountered in the context of deep learning. Path connectedness

can therefore help develop intuition for connectedness, for practical purposes.
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The following theorem is the main intuition of this paper and will appear frequently in

proofs.

Theorem 3.1.1 (Theorem 4.7 in [89]). Let X,Y be topological spaces and let f : X —Y be a

continuous map. If X is connected, then f(X) is connected.

A map f is a homeomorphism from X to Y if f is bijective and both f and f~! are
continuous. X and Y are homeomorphic if such a map exists. A (connected) component of a
topological space X is a maximal nonempty connected subset of X. The components of X form
a partition of X. The next two corollaries of Theorem 3.1.1 show that connectedness and the
number of connected components are topological properties. That is, they are preserved under

homeomorphisms.

Corollary 3.1.2. Let f : X — Y be a homeomorphism from X to Y, and let U C X be a subset of

X with the subspace topology. Then U is connected if and only if f(U) CY is connected.

Corollary 3.1.3. Let X be a topological space that has N components. Let Y be a topological

space homeomorphic to X. Then'Y has N components.

3.2 Connected Components of the Minimum

In this section, we relate topological properties of symmetry groups to topological
properties of the minimum. In particular, we provide the number of connected components of

the minimum when all symmetries are known. Omitted proofs can be found in Appendix B.1.

3.2.1 Linear Network with Invertible Weights

Let Param be the space of parameters. Consider the multi-layer loss function L : Param —

L:Param — R, (Wi, ooy W) = |[Y — W, WX 3. (3.1)
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Figure 3.1. Minimum of (a) a 3-layer linear net ||Y — W3W,W;X||, and (b) a 3-layer linear net
with a residual connection ||Y — W3(WoW X +X)||,, where X = 1, Y = 1, and W|,W,, W3 € R.
where X,Y € R are the input and output of the network. In this subsection, we assume that
both X,Y have rank /, and Param = (R"”*)!. Then L is invariant to GL,(R)'~!, which acts
on Param by g- (Wi,...,W;) = (g1W1,82Wag7 ', .., g1 Wi—18_ 5 Wig; ). for (g1,...,81-1) €
GL,(R)!~1.

Let L~'(c) = {6 € Param : L(8) = c} be a level set of L. Since ||- ||, > 0and L~'(0) # 0,
the minimum value of L is 0. By relating the topology of GL,(R) and L~'(0), we have the

following observations on the structure of the minimum of L.
Proposition 3.2.1. There is a homeomorphism between L~ (0) and (GL;,) .

Since (GL;)!~! has 2/~! connected components and homeomorphisms preserve topologi-
cal properties, L ™! (0) also has 2!~1 connected components. Note that this number is independent
of the network width, due to the fact that GL,(IR)) has two connected components regardless of

n.

Corollary 3.2.2. The minimum of L has 2/~ connected components.
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3.2.2 ResNet with 1D Weights

The topological properties of the minimum set depend on the architecture. As an example
of this dependency, we show that adding a skip connection changes the number of connected
components of the minimum.

Consider a residual network W3(W,W X + €X) and loss function

L(W3,Wo,Wy) = ||Y —=W3(WLW1 X +€X)||2, (3.2)

where (W), W, W3) € Param = R™" x R x R"™" & € R, and data X € R"*" Y € R"*". The
following proposition states that for a three-layer residual network with weight matrices of
dimension 1 x 1, the number of components of the minimum is smaller than that of a linear

network without the skip connection.

Proposition 3.2.3. Let n = 1. Assume that X,Y # 0. When € = 0, the minimum of L has 4

connected components. When € # 0, the minimum of L has 3 connected components.

The € = 0 case follows from Corollary 3.2.2. For the € # 0 case, the proof decomposes
the minimum of L into two sets S| and Sy, corresponding to the minima without the skip
connection and an extra set of solutions because of the skip connection. S; is homeomorphic to
GL| X GL; and has 4 connected components. Sy is a line and has 1 connected component. Two
components of S| are connected to Sy, while the other two components of S| are not. Therefore,
So connects two components of S7. As a result, the minimum of L has 3 connected components.

Figure 3.1 visualizes the minimum without and with the skip connection. This result
reveals the effect of skip connection on the connectedness of the set of minima, which may
lead to a new explanation of the effectiveness of ResNets [62] and DenseNets [66]. We leave
the connection between the topology of the minimum and the optimization and generalization

properties of neural networks to future work.
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3.3 Mode Connectivity

The previous section counts the connected components of the minimum and shows that
the connectedness of the minimum is related to the symmetry of the loss function under certain
conditions. In this section, we use this insight to explain recent empirical observations that
with high probability two points in the minimum are connected, i.e. there is a large connected
component. Proofs of this section appears in Appendix B.2.

Mode connectivity refers to the phenomenon that there exist high accuracy or low loss
paths between two minima found by stochastic gradient descent [52]. Linear mode connectivity
occurs when all points on the linear interpolation between two minima have low loss values. More
recently, permutation of neurons is usually performed to align the two minima before evaluating
linear mode connectivity [41, 3]. We use the term mode connectivity when we consider arbitrary

curves and will specify linear mode connectivity when only linear interpolation is considered.

3.3.1 Mode Connectivity up to Permutation

For the family of linear neural networks defined in Section 3.2.1, we show that permu-
tations allow us to connect points in the minimum that are not connected without permutation.
Our results support the empirical observation that neuron alignment by permutation improves
mode connectivity [136].

Consider again the linear network equation 3.1 with invertible weights. When / = 2, the
minimum of L has two connected components corresponding to the two connected components
of the GL group. Any g € GL that is not on the identity component can take a point on one

connected component of the minimum to the other.

Lemma 3.3.1. Consider two points (Wy,W»), (W, W;) € L~1(0) that are not connected in L~ (0).

For any g € GL(h) such that det(g) < 0, g- (Wi, W») and (W], W}) are connected in L~'(0).

When the hidden dimension & > 2, there exists a permutation g such that det(g) > 0, and

a permutation g such that det(g) < 0. Therefore, Lemma 3.3.1 implies the following result that
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all points on the minimum of L are connected up to permutation.

Proposition 3.3.2. Assume that h > 2. For all (W, ...,W;),(W[,...,W/) € L71(0), there exists
a list of permutation matrices P, ...,P,_| such that (W) P1,P1_1W2P2, s P oW P, P W)

and (W{,...,W/) are connected in L~1(0).

The results above are examples where a larger part of the minimum becomes connected
after a permutation. More generally, permutation improves mode connectivity in cases where an
orbit is not connected due to the symmetry group comprising multiple connected components,
the orbit does not reside on the same connected component of the minimum, and there exists a

permutation that takes a point on one connected component of the group to another.

3.3.2 Failure Case of Linear Mode Connectivity

As an application of obtaining new minima from old ones using symmetries, we show
that linear mode connectivity fails to hold in multi-layer regressions. The following proposition
says that in neural networks with a homogeneous activation (such as leaky ReLLU) between
the last two layers, the error barrier in the linear interpolation between two solutions can be

arbitrarily large.

Proposition 3.3.3. Consider a loss function of the following form

L:Param — R W = (Wy,....W)) —

1Y = Wio (W1 f (W2, Wi_3, ... W1, X)) I3, (3.3)

where f is a function of Wi_»,W,_3,...,W1,X, and o(cz) = c*o(z) for all ¢ € R and some k > 0.
Assume that ||Y ||z # 0 and L~(0) # 0. Also assume that | > 2. For any positive number
b > 0, there exist W,W' € L~1(0) that belong to the same connected component of L~1(0) and

0 < a <1, such that L((1 — o)W +aW') > b.
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Figure 3.2. Interpolation between 2 minima of loss function L(W;,W;) = ||Y — WaW;X||, with 1
dimensional weights. Loss on the interpolation can be unbounded.

The proof constructs a new point on the minimum from an existing one using the rescaling
symmetry of homogeneous functions. The two points can be far apart since the orbit of this
group action is unbounded. To provide intuition, Figure 3.2 visualizes the two points on the
minimum of a two-layer network with weights of dimension 1 x 1 and the linear interpolation
between them. The linear network used is a special case of a homogeneous network. Note that
our result here does not contradict with the layer-wise connectivity result in [1], as more than
one layer of the two minima are different.

The loss function considered in Proposition 3.3.3 is significantly more general than those
in Section 3.3.1. For the architecture, we only require the presence of a rescaling symmetry in
the last two layers, and f can be any neural network with any activation. Other assumptions of
the proposition are also not excessively restrictive, as the labels Y are rarely all zero, and there
usually exists a minimum in common machine learning tasks.

Proposition 3.3.3 extends to cases where we allow certain permutations. The following
proposition states that under additional assumptions, the error barrier in the linear interpolation

is unbounded even with neuron permutations. The proof construction is similar to that of
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Proposition 3.3.3.

Let S, be the set of n X n permutation matrices, where n is the number of columns of W,.

Proposition 3.3.4. Consider the loss function with the same set of assumptions in Proposition
3.3.3. Assume additionally that there does not exist a permutation P such that every column of
Po(Wi_1f(W;_2,W,_3,.... W1,X)) is in the null space of W;. For any positive number b > 0, there
exist (Wi,..,W;),(W{,...,W/) € L=1(0) and 0 < & < 1, such that (Wy,...,.W;_p) = (W, ..., W/ ,)

and

inL((1—o)(Wy.....W,
min (1—o)(Wi,...., W)

+ (Wi, ..., W3, P~ ' Wi, W,P)) > b.

By including permutation, the setting in Proposition 3.3.4 is closer to the setting in which
linear mode connectivity is empirically observed. However, the permutation in Proposition 3.3.4
is restricted to the first two layers, which does not rule out the possibility of lowering the loss
barrier by including permutations of other neurons.

The proofs of Proposition 3.3.3 and 3.3.4 depend on the rescaling symmetry of homoge-
nenous activation functions. For other activations with known symmetries, similar results may
be derived as using the large set of minimum obtained from the group action. Whether the loss
barrier on the linear interpolation is bounded can depend on the compactness of the symmetry
group and the curvature of the minimum. We leave a systematic investigation of the condition
for linear mode connectivity to future work.

One possible reason why linear mode connectivity is observed in practice despite Propo-
sition 3.3.4 is that only a small part of the minima is reachable by stochastic gradient descent due

to implicit bias [101], as other optimizers have been observed to find less connected minima [6].
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3.3.3 Linear Mode Connectivity of Orbits

Symmetry accounts for a large part of the set of minima. In particular, given a known
minimum x, the orbit of x defines a set of points that are also minima. Although not all minima
are on the same orbit of known symmetries, each orbit often contains a nontrivial set of minima.
In this section, we examine the error barrier of linear interpolations of minima restricted to an
orbit of parameter symmetries.

When the architecture contains a multiplication of two weight matrices W, W1, where W, €
R™<h Wy € RP*" there is a GL;, symmetry that acts on (W, Ws) by g- (Wi, Ws) = (gW;, Whg™ 1)
for g € GL;,. The following proposition states that a point on the linear interpolation of two

points in the same orbit can be far away from the orbit.

Proposition 3.3.5. Let A € R"™*" be an invertible matrix. Let set S = {(W;,W,) : W|, W, €
R"™" 'WW, = A}. For any positive number b > 0, there exist W' ,W" € S and 0 < a < 1, such

that ming || (1— )W+ aW") —W||, > b.

The structure in the form of W;W, is not uncommon in deep learning architectures.
Notably, the parameter matrices for queries and keys in the attention function are multiplied
directly in this manner [140], thus admitting the GL; symmetry and having orbits with properties
given by Proposition 3.3.5.

While the error barrier in the linear interpolation of two minima can be unbounded
(Proposition 3.3.3), this typically occurs when the parameters are allowed to be arbitrarily large.
Constraining the parameters to remain bounded ensures that the loss barrier is bounded above.
The following proposition makes this intuition precise for the set of minima consisting of a

particular orbit.

Proposition 3.3.6. Consider the loss function with the same set of assumptions in Proposition
3.3.3. Let W € L™1(0) be a point on the minimum. Consider the multiplicative group of positive

real numbers R* that acts on L~1(0) by g- (Wy,.... W) = (W1, ..., Wi_2,gW;_1,Wig %), where
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g € R, Then there exists a positive number b > 0, such that for all 0 < ot < 1 and W' € Orbit(W)

with ||W/||2 < ¢ for all i and some ¢ > 0, the loss value for points on the linear interpolation

L((1—0)W+aW') <b.

Proposition 3.3.5 and 3.3.6 are two examples where the knowledge of parameter sym-
metry enables analysis of the linear connectivity of subsets of minima. As more continuous
symmetries are characterized (e.g. the nonlinear symmetries in [160]), these analysis can

potentially be extended to even larger parts of the set of minima.

3.4 Curves on Minimum from Group Actions

The paths connecting two points in the set of minima may not be linear. Previously, these
paths were discovered empirically by finding parametric curves on which the expected loss is
minimized [52]. Using parameter space symmetry, we uncover an alternative and principled way

to find curves on the minimum.

3.4.1 Symmetry Induced Curves

Suppose the loss function L : Param — R is invariant with respect to some Lie group G.

Consider the following curve for a point w € Param and M € Lie(G):

Yu : R x Param — Param,

T (t,w) =exp(tM) - w. (3.4)

Since exp (tM) € G and the action of G preserves the value of L, every point on Yy is in the same
L level set as w. This provides a way to find a curve of constant loss between two points that are

in the same orbit. Concretely, given two points w; and wy = g - wy, let y be the following curve:

Y:[0,1] X G x Param — Param,

¥(t,¢,w) = exp(1log(g)) - w. (3.5)
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Note that y(0,g,wi) =wy, y(1,g,w1) =wo, and L(¥(¢,g,w1)) = L(w;) = L(w») forall ¢ € [0, 1].
Hence, 7 is a curve that connects the points wi and w,, and every point on Y has the same loss
value as L(w;) = L(w»).

For a group G, the curve 7 is defined when the map - : G x Param — Param is continuous
and id - w = w for all w € Param, even if it is not a group action or does not preserve loss.
However, when - does not preserve loss, the loss can change on y. Consider our two-layer

network and the following map:

- GL(h,R) x Param — Param

g-(U,V)=(Uc(VX)o(gVX)',gV). (3.6)

When o is the identity function, - preserves the loss value, and y defines a curve on the minimum.
In general, the map equation 3.6 does not preserve loss when batch size k is larger than hidden

dimension 4. However, the maximum change of loss on Y can be bounded as follows.

Proposition 3.4.1. Let (U,V) € Param, and (U',V') =g (U,V). Then

|Us(VX) ~U'a(VX)| < [Ua(VX)]. (3.7)

We demonstrate Proposition 3.4.1 empirically using a set of two-layer networks with
various parameter space dimensions. Specifically, we construct networks in the form of
|Uc(VX) — Y|, with o being the sigmoid function, X € R™* Y € R™* and (U,V) €
Param = R/ x R We create 100 such networks, each with m,h,n,k randomly sam-
pled from integers between 2 and 100. In each network, elements in X and Y are sampled
independently from a normal distribution, and U,V are randomly initialized. After training with
SGD, we compute (U',V’) = g- (U,V) using equation 3.6 with a random invertible matrix g.
We then plot |[Uc (VX)|| against |[Uc(VX)—U'c(V'X)|| in Figure 3.3(a). All points are above

the line y = x, as predicted by Proposition 3.4.1.
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Figure 3.3. (a) Empirical validation of Proposition 3.4.1. (b-c) The loss on the curves induced
by approximate symmetries () remains relatively low, compared to the loss on the linear
interpolation between the two ends of these curves. (b) and (c) differ by the magnitude of the
group element used. The loss is averaged over 5 random curves.

While the map equation 3.6 is not a group action in general, it connects more points in
the set of minima than only using known symmetries, and the points on the connecting curves
have bounded loss. Figure 3.3(b-c) shows that the loss on the curves induced by approximate
symmetries remains relatively low, compared to the loss on the linear interpolation between the
two ends of these curves. We consider a two layer network with loss function [|[Woo (W X) —Y||,
with ¢ being a leaky ReLU function, X € R16*8 Yy € R%**8 and (W, W,) € Param = R32*16 x
R32. In the figures, y denotes a curve obtained using Equation equation 3.5 together with
equation 3.6. The starting point of ¥ is a minimum found by SGD. Both y and the linear
interpolation are parametrized by 7 € [0, 1]. Compared to the linear interpolation between the
two end points of ¥, the loss on 7 is consistently lower. Figure 3.3(c) uses group elements with
larger magnitudes, resulting in a larger distance between y(0) and (1), which might explain the

higher loss barrier on their linear interpolation.

3.4.2 Approximate Linear Connectivity under Bounded Curvature of
Minima

Knowing the explicit expression of connecting curves brings new insight into when linear

mode connectivity approximately holds. In particular, these expressions provide information
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about the curvature of the curves. If the curvatures are small, then there exists an approximately
straight line connecting any two minima along which the loss remains close to its minimum
value.

Consider a loss level set L~ (¢) = {w € Param : L(w) = ¢} with some ¢ € R. Suppose

we have two points w1, w; € L~!(c) connected by a smooth curve v lying entirely within L~!(c).

The curvature of ¥ can be written as k(7y,t) = |“|)T//((t’))|‘|‘ , where ¥/ = ‘é—g’ and T(t) = ”;gg". If the
curvature of this curve is small or bounded, we can show that there exists an approximately
straight line connecting w; and w; that remains close to L! (c). Additionally, if L is Lipschitz

continuous, its value remains close to ¢ along this line segment. We formalize this with the

following theorem.

Theorem 3.4.2. Let L' (c) C Param, with c € R, be a level set of the loss function L : Param — R.
Let y:[0,1] = L7!(c) be a smooth curve in L~'(c) connecting two points wi = y(0) and
wy = ¥(1). Suppose the curvature K(t) of y satisfies K(t) < Kmax for all t € [0,1].

Let S be the straight line segment connecting wi and w. Then, for any point w on S, the

distance to L~ (c) is bounded by
dist(w,L™1(¢)) < diax, (3.8)

with

PR B U (xmaxuwZ—wluz)z
max — . - -
Kmax 2

Furthermore, assuming L is Lipschitz continuous with Lipschitz constant Cy, the loss at any point

w on S satisfies
IL(w) — | < Crdmax- (3.9)

When the group action induces curves with bounded curvature, Theorem 3.4.2 applies.
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Since the minimum is also a level set of L, Theorem 3.4.2 provides a sufficient condition for
linear mode connectivity to approximately hold. When the curvature of the minimum is small,
points on the minimum are approximately connected through nearly straight paths along with
the loss does not increase significantly. If Kpax ||w2 — wi]| is small, we can use the first-order

2
. . . K WwWor—w
approximation of the square root and obtain dp,x ~ M

3.5 Discussion

In this chapter, we saw that topological properties of symmetry groups are useful to infer
topological properties of the loss level sets. Specifically, we derive the number of connected
components of full-rank multi-layer networks with and without skip connections, and prove
mode connectivity up to permutation for full-rank linear regressions. Using symmetry in the
parameter space, we construct an explicit expression for curves that connect two points in the
same orbit. The explicit expressions allow us to obtain the curvature of these curves, which are
useful to bound the loss barrier on linear interpolation between minima.

For practitioners, these results motivate concrete strategies—and cautions—for tasks that

navigate the loss landscape, including model merging, ensembling, and fine-tuning:

* One can build low-loss curves explicitly using known parameter symmetries. This gives a
principled and efficient way to obtain new minima from old ones, potentially useful for (1)
generating model ensembles with low cost; (2) improving model alignment by allowing a
much larger group of transformations than permutation; and (3) mitigating catastrophic
forgetting in fine-tuning by constraining updates to the symmetry-induced manifold of the

pretraining minimum.

* The connectedness of minima supports the practice of model merging and ensembling,
even when models are trained separately. In addition to permutation, many other symmetry

transformations can connect solutions that would otherwise appear very different.
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* Linear interpolation between minima is not guaranteed to lead to better models, despite its
widespread use. This highlights the need to evaluate whether the minima found by specific

learning algorithms are approximately connected before averaging models directly.
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Chapter 4

Symmetry Teleportation I: Algorithm,
Theory, and Empirical Results

In this chapter, we study an application of symmetry in optimization. Existing gradient-
based optimization methods update parameters locally, in a direction that minimizes the loss
function. We study a different approach, symmetry teleportation, that allows parameters to
travel a large distance on the loss level set, in order to improve the convergence speed in
subsequent steps. Teleportation exploits symmetries in the loss landscape of optimization
problems. We prove a necessary condition for teleportation to improve convergence rate, and
show that teleportation not only speeds up optimization in the short-term, but gives overall
faster time to convergence. We then show that our algorithm is closely related to second order
methods. We also explore conditions under which one teleportation is enough to guarantee
an optimal trajectory. Experimentally, we show that teleportation improves the convergence
speed of gradient descent for several optimization problems, including test functions, multi-layer

regressions, and MNIST classification.

4.1 Introduction

Consider the optimization problem of finding argmin,,L(w), where L is a loss function
and w are the parameters. While finding global minima of L(w) is hard for non-convex problems,

we can use gradient descent (GD) to find local minima. In GD we apply the following update
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rule at every step:
Wit < w — VL, @.1)

where 7 is the learning rate. Gradient descent is a first-order method that uses only gradient
information. It is easy to compute but suffers from slow convergence. Second-order methods
such as Newton’s method use the second derivative to account for the landscape geometry.
These methods enjoy faster convergence, but calculating the second derivative (Hessian) can be

computationally expensive over high dimensional spaces [61].

W — =

Figure 4.1. Left to right: gradient descent, second-order methods, gradient descent after a
teleportation.

In this paper, we propose a new optimization method based on parameter space sym-
metries, which are group actions on the parameter space that leave the loss unchanged. Our
algorithm takes advantage of higher-order landscape geometry but uses only gradient information
in most steps, thus avoiding the computational cost of second-order methods.

Specifically, we look beyond local optimization and ask: what if we allow the parameters
to make a big jump once in a while? As shown in Figure 4.1, during optimization, we teleport the
parameters to another point with steeper gradients using a loss-invariant symmetry transformation.
After teleportation, the loss stays the same, but the gradient and hence the rate of loss decay
changes. The increased magnitude of the gradient can reduce the number of steps required to
converge, leading to acceleration of the gradient descent.

The locality of gradient descent is reflected in its formulation in terms of a proximal term;
our method circumvents this locality by teleporting to new locations with the same loss. A step

of GD is equivalent to the following proximal mapping [30]. Let (-,-) denote the inner product,
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we have

. 1
w,.1 = argmin,, {n (VL) W) + 5w — w,||§} . 4.2)

The term %Hw — w;||? is the proximal term that keeps w;, | close to w,. Adaptive gradient
methods define the proximal term using the Mahalanobis distance ||w — w, HZG,I J» to account for
landscape geometry. For example, in AdaGrad, G is the sum of the outer product of gradients
[39]. Our proposed teleportation technique relaxes the requirement from the proximal term. We
teleport to points on the same level set of L(w;), but allow w to be far from w; in Euclidean

distance.

4.2 Related Work

Continuous parameter space symmetries have been identified in neural networks with
homogeneous [16, 38] and radial activation functions [51]. The effect of symmetry transfor-
mations on gradients has been examined for translation, scale, and rescale symmetries in [82].
We contribute to this line of work by deriving loss-invariant group actions in multi-layer neural
networks with invertible activation functions.

Several works exploit symmetry to facilitate optimization. For example, Path-SGD
[107] improves optimization in ReLLU networks by path regularization. ¢-SGD [99] performs
weight updates in a scale-invariant space, which also exploits the symmetry in ReLU networks.
[139] analyzes the effect of L2 regularization in batch normalization which gives scale-invariant
functions. [17] transforms parameters in the symmetry orbits to address slow movement along
directions of weakly broken symmetry and find the optimal g € G that minimizes L(g-w). In
comparison, we search within G-orbits for points which maximize |dL(g-w)/dt| = |[VL(g-w)|>.

Natural gradient [7], adaptive gradient methods [39, 78], and their approximations
[96, 60] improve the direction of parameter updates instead of directly transforming parameters.

If the group acts transitively on the level set, and we teleport to the point with maximum gradient,
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then our update direction is the same as that in Newton’s method. We prove that our algorithm
is connected to second-order optimization methods and show that teleportation can be used to
improve these methods empirically.

The concept of neural teleportation was first explored using quiver representation theory
[10, 11]. These works provide a way to explore level curves of the loss of neural networks and
show that random teleportation speeds up gradient descent experimentally and theoretically. Our
algorithm improves neural teleportation by searching for teleportation destinations that lead to
the largest improvement in the magnitude of gradient.

Several works study how parameter initialization affects convergence rate [123, 135, 101].
If we apply a group transformation only at initialization, our method is similar to that of [135].
We do not guarantee that the transformed parameters lead to faster convergence rate throughout
the entire training. However, we accelerate convergence at least for a short time after initialization.
Additionally, our method is not restricted to initialization and can be applied at any time during
training.

Most contemporary neural networks are overparametrized. While this has been shown
to improve generalization [19], an important question is how overparametrization affects opti-
mization. A series of works starting from [13] show that overparametrization resulting from the
depth of a neural network accelerates convergence. Another view is that the symmetry created
by overparametrization poses constraints on trajectories in the form of conserved quantities [54].
Additionally, the symmetry generates additional trajectories. When the trajectories created by
overparametrization are equivalent, model compression by removing symmetry reduces training
time [51]. However, when trajectories are not equivalent, gradient flows on some paths are faster

than others. We search for the better paths created by overparametrization.
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4.3 Symmetry Teleportation

We propose symmetry teleportation, an accelerated gradient-based optimization algorithm
that exploits symmetries in the loss landscape. Symmetry teleportation searches for the best
gradient descent trajectory by teleporting parameters to a point with larger gradients using a
group action. The resulting algorithm requires only gradient computations but is able to account
for the global landscape geometry, leading to faster loss decay.

Let the group G be a set of symmetries which leave the loss function L invariant: L(g -
(w,X)) =L(w,X), where g € G. We perform gradient descent for 7,4 steps. We define an index
set K C{0,1,2,...,t,,0x — 1} as a teleportation schedule. At epochs that are in the schedule, we
transform parameters using group element g € G to the location where the gradient is largest,
then continue with gradient descent. Algorithm 1 describes the details of this procedure. Note

that the loss does not change after teleportation (Line 2-5) since L is G-invariant.

Algorithm 1: Symmetry Teleportation

Input: Loss function L(w), learning rate 1, number of epochs t,,,, initialized
parameters wg, symmetry group G, teleportation schedule K.
Output: w; .
1 fort <+ 0tot,,, —1do

2 if t € K then

3 g  argmax,e || (VL) g, |>
4 W, g-wy

5 end if

6 | W1 < w—n(VL)|w,

7 end for

8 return w;,

Algorithm 1 can be generalized to apply teleportation to stochastic gradient descent. We
discuss some design choices below and provide detailed analysis in the next two sections.

When the action of G is continuous, teleportation can be implemented by parameterizing
and performing gradient ascent on g. For example, the SO(2) group can be parameterized by the

rotation angle 0. Small transformations g € GL,(R) (general linear group) can be parameterized
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as g~ I+ €T where € < 1 and T are arbitrary d X d matrices. For discrete groups, search
algorithms or random sampling can be used to find a group element that improves the magnitude
of the gradient.

Although g - (w,X) does not change X in the cases we consider in this paper, Algorithm
1 can be extended to allow transformations on both parameters and data. The group actions on
data during teleportations can be precomposed and applied to the input data at inference time.

The teleportation schedule K is a hyperparameter that determines when to perform
teleportation. We define K as a set to allow flexible teleportation schedules, such as with

non-fixed frequencies or teleporting only at the earlier epochs.

4.4 Symmetry Groups of Certain Optimization Problems

We give a few practical examples to demonstrate how teleportation can be used to
accelerate optimization. Specifically, we first consider two test functions which are often used
to evaluate optimization algorithms [15]. We then derive the symmetries of multi-layer neural

networks.

4.4.1 Test Functions
Rosenbrock function.

The Rosenbrock function originally introduced by [120] has a characteristic global
minimum that is inside a long, narrow, parabolicly-shaped flat valley. Finding the valley is easy
but reaching the minimum is difficult. On a 2-dimensional space, the Rosenbrock function has

the following form:

L (x1,x2) = 100(x] —x2)% + (x; — 1)2. (4.3)
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Booth function.
The Booth function [71] is also defined on R? and has one global minimum at (1,3)

where the function evaluates to O:

Lp(x1,x2) = (x +2xz—7)2+(2x1 +X2—5)2. “4.4)

The following proposition identifies the symmetry of these two test functions.

Proposition 4.4.1. The Rosenbrock and Booth functions have rotational symmetry. In other

words, there exist action maps a,,a; : SO(2) x R?> — R?, such that for all g € SO(2),

L.(x1,x2) = Ly(a,(g, [x1,x2])) and Ly(x1,x2) = Lp(ap(g, [x1,x2])).

Proof. Consider the Rosenbrock function with 2 variables [120]:

L(x1,x2) = 100(x3 —x2)? + (x1 — 1)? (4.5)

Letu= IO(x% —x3) and v = x; — 1. After changing the variables from x and y to u and
v, L has a rotational symmetry. Note that the function, 4 : R? — R?, that maps x,x to u,v is

bijective:

(u,v) = h(x1,x2) = (10(x3 —x3),x; — 1)
(x1,x2) =h Y(u,v) = (v+1,(v+1)2—=0.1x)

h(x1,x2) = h(y1,y2) = (x1,%2) = (y1,52) (4.6)

Next, we show that SO(2) is a symmetry of L(xj,x2). Let p be a representation of SO(2)

acting on R?. For g € SO(2), define the following group action:

g (x1,x2) =h~" (p(g)h(x1,x2)) 4.7)
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Then
L(x1,x2) = L(g - (x1,x2)) (4.8)

For the Rosenbrock function with 2N parameters, we can construct a bijective function
h: RN — RN by transforming each of the N pairs of variables as before, and SO(2N) is a
symmetry of L(xy,...,xpy). However, we will only use the 2 variable version in the experiments.

Consider the Booth function [71]:

L(x1,x0) = (x1 +2x2 —7)% 4 (2x; +x2 — 5)?

Similar to the Rosebrock function, a change of variables reveals a rotational symmetry of L:

(u,v) = h(x1,x2) = (x1 +2x0 — 7,2x1 + x5 — 5)

1 2 2 1
(x1,%2) =h~ 1 (u,v) = (—gu—i—gv—l—l,gu—gv—}—S)

4.9)

The function 4 : R? — R? that maps x1,x; to u, Vv is bijective. Let p be a representation of SO(2)

acting on R?. For g € SO(2), define the following group action:
g-(x1,x2) =h~' (p(g)h(x1,x2)) (4.10)
Then L(x1,x;) admits an SO(2) symmetry:
L(x1,x) =L(g- (x1,x2)) (4.11)

]

During the teleportation step, our goal is to maximize the gradient within a level set of
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dL(g-(x1,x
the loss: max,eg0(2) ||WH

4.4.2 Multi-Layer Neural Networks

Next, we consider feed-forward neural networks. Denote the output of the mth layer by
hyy € R%X" where d,, is the hidden dimension and # is the number of samples. Denote the input
by hg = X € R%*"_In terms of the previous layer output /,, = W, h,,_; where W, € R%n*dn-1

(we absorb biases into W,,, by adding an extra row of ones in Byp—1), the output A, is
by = 6 (hy) = 6 Wyl 1). (4.12)

We assume the activation functions ¢ : R — R are bijections. For instance, Leaky-ReLLU
is bijective. For other activation, such Sigmoid or Tanh, we analytically extend them to bijective
functions (e.g. tanh(x) 4+ &N — eV for N >> 1). To define a symmetry in this case, we want

to find g - W,, that keep the outputs 4y, for k # m — 1 invariant.

Proposition 4.4.2. Assume that h,,_; is invertible. A multi-layer network with bijective activation
o has a GLg,, , symmetry. For g, € Gy = GL,, | (R) the following group action keeps h, with

p > minvariant

‘/Vmgn_/,l k=m
gm Wi = o! (gmG (Wm_lhm_z)) h;l_z k=m-—1 (4.13)
Wi kg {mm—1}

Proof. Under the given assumptoms, the map equation 4.13 satisfies all group action axioms.

That is,

Wil k=m
I We=19 o' (I6 (Wy_1hpm2))h " k=m—1

m—2

Wi kg {mm—1}

78



=W (4.14)

and

(

Wngy g7 k=m

g1 (&2 W) =4 o7 (g10 ([0 (820 Wnethm—2)) 1oy o hn—2) ) )ty k=m—1
Wi k& {mm—1}

\

1 k=m

Wm(gng)_
=4 6 ' ((2182)0 W thm o)) ;1 k=m—1

Wi k& {m,m—1}

\

= (g182) - Wk

(4.15)

]

Note that this group action depends on the input to the network as well as the current
weights of all the lower layers. Yet, since the action keeps the output of upper and lower layers
invariant, multiple G,, for different m applied at the same time still keep the network output
invariant. The proposition assumes that 4, is square and full-rank. When n < d,,,_» and h,,,_»
has rank n, equation 4.13 (with left inverse of 4,,_,) keeps the loss invariant but does not satisfy
the identity axiom of a group action.

Below we list an alternative group action on this architecture. If 6 (g,Wy,—1hn—2) is

invertible, for g,, € GL;, , (R), the following transformation is a loss-preserving group action:

Wno (Wmflhm72) o (ngmflhm72>71 k=m
gm Wi = gmWin—1 k=m—1 (4.16)
Wi k¢ {mm—1}
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Usually, the assumption is not guaranteed to hold for all group elements and all weights and data.
Hence the above transformation may not preserve loss or be a valid group action. Nevertheless,
we observe in practice that the change in the loss value is often small after such transformations
on parameters. We therefore refer to equation (4.16) as an approximate symmetry and adopt it in
the teleportation algorithm. Due to the possibility that 6 (g,,W,,—1hn,—2) is not invertible, we use

pseudoinverses in implementations.

4.5 Theoretical Analysis

In this section, we provide a theoretical analysis of teleportation. We show that with
teleportation, SGD converges to a basin of stationary points. Building on its relation to Newton’s
method, teleportation leads to a mixture of linear and quadratic convergence. Lastly, in certain

loss functions, one teleportation guarantees optimality of the entire gradient flow trajectory.

4.5.1 What Symmetries Help Accelerate Optimization

We now discuss the conditions that need to be satisfied for teleportation to accelerate
GD. For brevity, we denote all trainable parameters (e.g. {W1 ) -Wp} for the p-layer neural
network) by a single flattened vector w € R”. Consider a symmetry G of the loss function L(w),
meaning for all g € G, L(w) = L(g-w). We quantify how teleportation by G changes the rate of

loss decay, given by

dL(w) <8L dw

o = %,E>:—[VL]T1]VL:—||VL||%, (4.17)

where 7 is the matrix of learning rates (which must be positive semi-definite) and ||v||,27 =vI'nv
is the Mahalanobis norm. A constant learning rate means 1 = 1.
The following proposition provides the condition a symmetry needs to satisfy to accelerate

optimization.
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Proposition 4.5.1. Let w' = g-w be a point we teleport to. Let J = dw' /dw be the Jacobian.
Symmetry teleportation using g accelerates the rate of decay in L if it satisfies

(4.18)

H [JI}TVL(W)HfI > IVLw)3 .

Proof. Let w' = g-w. Denote the Jacobian as J, where J;; = dw’/dw;. Then the inverse of J
e 71
has entries J;;* = dw;/Iw’.

The gradient at w' is

IL(W) _ wyow; —oLw) [ /oLw\" |\
ow' Z 8w] 8wJ _; ow; Jﬁl_ << ow ) / 1)
e SL(w)
-y 1>TW (4.19)

The rate of change of L in gradient flow is

dL(w') oL dw'\ |, 1.7 9Lw)|
dt <8w” dt > H(J ) aw ||, (420
Thus we will have a speedup if
2 2
H(J”)T—ag w) H_ag(w) 421)
Wl Wolly
O]

If the action of the symmetry group G C GL, is linear we have w' = g-w = gw and J = g.

It follows that if G is a subgroup of the orthogonal group, dL/dt will be invariant:

Corollary 4.5.2. Let Oy denote the orthogonal group of invariances of the inverse of the learning

~1 meaning for g € On, g'n~lg=n"". Then

rate,
dL(g-w) _ L(w)

= . 4.22
dt dt (4.22)
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Proof. Since J = g, using equation 4.17 and the Lh.s. of equation 4.18 we have

dL(g-w)

S =Ly (67" VL=VLT [¢"n'g) ' VL=|VL|} (4.23)

O

In the simple case where the learning rate is a constant, Oy, = O(n) becomes the classic
orthogonal group (e.g. rotations) with g7 g = I. In general, when g preserves the norm of the
gradient, symmetry teleportation has no effect on the convergence rate.

From Theorem 3.2 in [61], assuming that L is f-smooth and is bounded by |L| < M, the
gradient norm in gradient descent converges as ﬁ YL (VL) |w, || < 2M. Teleportation increases

(VL)|w,, therefore requiring less time to reach convergence.

4.5.2 Improvement of Subsequent Steps

Since teleportation moves the parameters to a point with a larger gradient, and subsequent
GD steps are local, we would expect that teleportation improves the magnitude of the gradient

for a few future steps as well. The following results formalize this intuition.

Assumption 4.5.3 (Lipschitz Continuity). The [2 norm of the gradient is Lipschitz continuous

with constant L € R=C | which is

JdL
’H— < Lljwi — w22, (4.24)

8W1

_Hﬁ
) 8W2 o)

where wi,w, are two points in the parameter space and L is the Lipschitz constant.

Proposition 4.5.4. Consider the gradient descent with a G-invariant loss L(w) and learning rate
N € R*. Let w, be the parameter at time t and W, = g - w; the parameter teleported by g € G.

Let w7 and w, 7 be the parameters after T more steps of gradient descent from w, and w,
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respectively. Under Assumption 4.5.3, if nL < 1, and

|oL/owill,  (1+nL)"

l0L/aw ], =~ (1—nL)T’ (425)
then
JdL JdL
> . .
H aWt+T H oWt ||, (4:20)

Proof. From the definition of Lipschitz continuity and the update rule of gradient descent,

<L = 4.27
‘Hawwrl H&w, s = w2 = H”aw, *2D
Equivalently,
dL
1—nL) < 1 4.28
(1= Hawr Hawrﬂ 2 = {+n H&w, *:2%
By unrolling T steps, we have
dL dL
1—nL)T < <(14+nL)"||=— (4.29)
O e I P IR o o |
Similarly, for a teleported point w, = g - wy,
dL dL JdL
1-nL)" <(1+nL)T 4.30
-y | o) Ha;+T2—(+”> . (@30
Therefore, if
dL JdL
1—nqL) T == >1+nL)"||=— 4.31
( ”)aw;2—<+”>aw,2 (4.31)
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then it is guaranteed that

H oL (4.32)

/
oWy 1

- H JL
2 - 8"vl‘—I—T

2

O

Proposition 4.5.4 provides a sufficient condition for teleportation to improve 7' fu-
ture steps. The condition is met when L is small, 1 is small, or the initial improvement,

[ 3%

/
ow,

) is large.

4.5.3 Convergence Analysis for Convex Quadratic Functions

Teleportation improves the magnitude of gradient for the current step. We have also
shown that the magnitude of gradient stays large for a few subsequent steps (Proposition 4.5.4).
In this section, we analyze a class of functions where teleporting once guarantees optimality at all
future times. We consider a trajectory optimal if for every point on the trajectory, the magnitude
of gradient is at a local maximum in the loss level set that contains the point.

Consider a positive definite quadratic form L (w) = w” Aw, where w € R" is the parame-
ter and A € R"*" is a positive definite matrix. The gradient of L4 is VL4 = 2Aw, and the Hessian
of Ly is H = 2A. Since A is defined to be positive definite, L4 is convex. The function L4 has
global minimum at a single point w* = 0.

Let p be a representation of O(n) acting on R". For g € O(n), we define the following

group action:

1

g w=A"2p(g)Aw. (4.33)

Then it can be shown that L4 (w) admits a O(n) symmetry:

Tyl T A4 4 a-1 3 T
La(g-w)=w'A2 p(g)'A"2 AA " 2p(g)A2w=w Aw = L4(w). (4.34)
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Let S. = {w: La(w) = c} be a level set of L4. We will show that after a teleportation,
every point on the gradient flow trajectory is optimal in its level set.
We first show that starting from a point in S, all other points in S, can be reached with

one teleportation.
Lemma 4.5.5. S, contains a single orbit. Thatis, G-w={g-w:g€ G} =S8, forallw € S..

Proof. Consider two points wi,w; € S.. Then wl Aw; = (A%wl)T(A%wl) = c and wlAw, =

1 1 3 3 :
(A2wy)T (A2wy) = c. Letvy = 422 vy = Af/»gz and e; = [1,0,...,0]7. Since ||v{| = ||n2 =1,
there exists g1,g2 € O(n), such that g;e; = v; and goe; = v,. One way to construct such g; is
let the first column be equal to v; and other columns be the rest of the orthonormal basis. Let
8= gzgl_l, Then v, = gV1,A%W2 = gA%wl, and w, :A—%gA%wl =g -wi.

We have shown that for any wi,w, € S,, there exists a g € G such that w, = g-wj.

Therefore, the group action of G on S, is transitive. Equivalently, S, contains a single orbit. [

The objective of teleportation is transforming parameters using a group element to

maximize the norm of gradient:
2
rgnea();( \VLA|gwl5- (4.35)

Since all points on the level set are reachable, the target teleportation destination is the point with
the largest gradient norm on the same level set. In other words, equation 4.35 is equivalent to the

following optimization problem:

max VLl 3

s.t. La(w') = La(w). (4.36)
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Let ¢ = Ls(w). Substitute in L4 and VL, we have the following equivalent formulation:

max ||AW/H%
wl
s.t. wTAw =c. (4.37)

Next, we solve this optimization problem and show that the gradient norm is maximized on the

gradient flow trajectory starting from its solution.

Lemma 4.5.6. The solution to equation 4.37 is an eigenvector of A corresponding to its largest

eigenvalue.

Proof. We solve equation 4.37 using the method of Lagrangian multipliers. The Lagrangian of

equation 4.37 is
L =wTATAW — A (WTAW —0¢). (4.38)

Setting the derivative with respect of w’ to 0, we have

‘%” —2ATAw' — 2AW =0, (4.39)

which gives
ATAW = 1AW (4.40)
Since A is positive definite, A = AT and A is invertible. Therefore,
Aw' = Aw, (4.41)

so the solution to equation 4.37 is an eigenvector of A. Then, the constraint is w7 Aw' =

A||w'||> = ¢, and the objective becomes max,,s 2%||w’||*> = max,, cA. Therefore, we want A to
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be the largest eigenvalue of A. Hence the optimal w' is an eigenvector of A corresponding to its

largest eigenvalue. O
After a teleportation, every point on the gradient flow trajectory is optimal in its level set.

Proposition 4.5.7. If at point w,

VL|w||? is at @ maximum in Stu(w)> then for any point w' on

the gradient flow trajectory starting from w,

5. . .
VLa|w||” is at a maximum in SLa(w')-

Proof. From Proposition 4.5.6, w is an eigenvector of A corresponding to its largest eigenvalue.
Then the gradient of L4 is Aw = Aw. Therefore, on the gradient flow trajectory starting from
w, every point has the same direction as w, meaning that the points are all eigenvectors of A
corresponding to its largest eigenvalue. Therefore, ||VL4 ||? is always at a maximum on the loss

level sets. L]

Finally, we observe that for Ly, teleportation moves the parameters closer to the global
minimum in Euclidean distance. In other words, maximizing the magnitude of gradient minimizes

the distance to w* in a loss level set.

Proposition 4.5.8. Consider a point w in the parameter space. Let g = argmaXx ¢ || VL4 ewll3

Theng-w= argminwlesLA(w) W' — w*||%

Proof. Similar to Proposition 4.5.6, we solve this optimization problem using the method of

Lagrangian multipliers. Note that w* = 0. The Lagrangian is
L =wTw —A(wTAaw' —¢). (4.42)
Setting the derivative with respect of w’ to 0, we have
<

= 2w —22AwW =0, (4.43)
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which gives

AW = 2w/, (4.44)

so the solution to equation 4.37 is an eigenvector of A. Then, the constraint is w7 Aw' =

A||w'||* = c, and the objective becomes min,, ||w'||* = min,, £. Therefore, we want 2 to be the
largest eigenvalue of A. Hence the optimal w' is an eigenvector of A corresponding to its largest

eigenvalue, which is the same as the solution to equation 4.37. [l

For a more concrete example, consider a diagonal matrix A with positive diagonal
elements. Then the level sets of L4 are n-dimensional ellipsoids centered at the origin 0, with
axes in the same directions as the standard basis. The point with largest |[VL4||> on a level set is
in the eigendirection of A corresponding to its largest eigenvalue, or equivalently, a point on the
smallest semi-axes of the ellipsoid. Note that this point has the smallest distance to the global
minimum w* = 0 among all points in the same level set. In addition, the gradient flow trajectory
from this point always points to w*. Therefore, like the 2D ellipse function, one teleportation on

the n-dimensional ellipsoid also guarantees optimal gradient norm at all points on the trajectory.

4.5.4 Improved Convergence Bound for SGD

At each iteration t € N* in SGD, we choose a group element g’ € G and use teleportation

before each gradient step as follows

witl =g .w —nVL(g" -w',E). (4.45)

Here 7 is a learning rate, VL(w', E") is the gradient of L(w', ") with respect to the parameters
w, and &£’ ~ 2 is a mini-batch of data sampled i.i.d from the data distribution at each iteration.
By choosing the group element that maximizes the gradient norm, we show in the

following theorem that the iterates in equation 4.45 converge to a basin of stationary points,
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(Zm IM)T

Figure 4.2. With teleportation, SGD converges to a basin where all points on the level set are
stationary points.

where all points that can be reached via teleportation are also stationary points (visualized in
Figure 4.2).

Theorem 4.5.9. (Smooth non-convex) Let L(w, &) be B—smooth and let
¥ L (w)—E [infL(w, g)} .

w
Consider the iterates W' given by equation 4.45 where

g' € argmax||VL(g-w")|?,
geG

which we assume exists. * If N = BT then

in E VL(g-w")|?
i | Vs )]
2B 0 Bo?

< E|L(w’)—L(w")| + , 4.46
< B [Lw) — Lw)] + (4.46)

where the expectation is the total expectation with respect to the data &' fort =0,...,T — 1

'For instance when G is compact and ||VL(g-w')|| is continuous over G, or when the gradient is a coercive
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This theorem is an improvement over vanilla SGD, for which we would have instead that

Bo?
T—1

_min_ E [IVL(W)[]*] < 2P

1=0,...,T \/ﬁE [L(W) —L(w")] +

The above only guarantees that there exists a single point w' for which the gradient norm will
eventually be small. In contrast, our result in equation 4.46 guarantees that for all points over
the orbit {g-w' : Vg € G}, the gradient norm will be small. For strictly convex loss functions,

I

maxgeg||VL(g-w)||* is non-decreasing with L(w). In this case, the value of L is smaller after 7

steps of SGD with teleportation, compared to vanilla SGD (Proposition C.2.2).

4.5.5 Relation to Second-Order Optimization

Since our algorithm involves optimizing the gradients, symmetry teleportation is closely
related to second-order optimization methods. In this section, we show that the target point to
teleport to, gradient descent becomes equivalent to Newton’s method.

We first note that when the norm of the gradient is at a critical point on the level set of

the loss function, the gradient is an eigenvector of the Hessian.

2
Lemma 4.5.10. If 0, 3—3 H2 = 0 for all unit vector v that is orthogonal to % then g—ﬁ is an

eigenvector of the Hessian of L.

Proof. From the definition of the directional derivative,

oL |? d |[oL|?
8‘; % 2—V%H% ) (447)
Writing the last term in indices,
I oL 2 (3L’
ow; || ow||, Iw; =~ \dw;

function and G is bounded.
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B Z L 9’L
ow; Ow;ow;
JL
=2 < aw) (4.48)
Removing the indices,
8L
H 8w (4.49)
Substitute back and we have
IL ||? oL
oy W (2H8w) (4.50)

aL || : oL oL
b H = 0 for all vector v that is orthogonal to TV (2H W) = 0 for all vector v that

is orthogonal to aL . In other words, 2H o 18 orthogonal to all vectors that are orthogonal to
g—$. Therefore, 2H 3—va has the same direction of and 1s an eigenvector of the Hessian of

L. ]

As a direct consequence of Lemma 4.5.10, the gradient direction and Newton’s direction

aligns at the the teleportation target point.

Proposition 4.5.11. Let Sy, = {w: L(w) = Lo} be a level set of L. If at a particular w € S, we
have ||VL(w)|2 > ||VL(W')||2 for all W' in a small neighborhood of w in Si,,, then the gradient

VL(w) has the same direction as the direction from Newton’s method, H~'VL(w).

Proof. From Lemma 4.5. 10 1s an eigenvector of H. Therefore, it is also an eigenvector of

H~". Hence dL has the same direction as H 1 4L O]

dw’

Proposition 4.5.11 provides an alternative way to interpret teleportation. Instead of

computing the Newton’s direction, we search within the loss level set for a point where the
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gradient has the same direction as Newton’s direction. However, symmetry teleportation does
not require computing the full Hessian matrix. The second derivative required for optimizing
over continuous groups is obtained by taking derivatives with respect to parameters and then
with respect to the group element, as opposed to taking the derivative with respect to parameters
twice. This makes the computation significantly more feasible than Newton’s method on neural
networks with large number of parameters.

We can leverage the convergence of Newton’s method to derive the convergence rate of

teleportation for the deterministic setting.

Proposition 4.5.12 (Quadratic term in convergence rate). Let L be strictly convex and let w € R4,

Let

1
w e argmaxEHVL(w)Hz, s.t.  L(w) = L(wyp).

weRd

Let V2L be the Hessian of L, and Amax(VZL(W)) be the largest eigenvalue of VL(w). If
VL(W') # 0, then there exists Ay such that 0 < Ay < Amax(V>L(wy)), and one step of gradient

descent after teleportation with learning rate y > 0 gives
wi=w —YVL(W) =w —yAV2L(W) " 'VL(W). (4.51)

Letw =go-wy. If y < %, L is a pu—strongly convex L—smooth function, and the Hessian is

G-Lipschitz, then we have that
G L
wi—w'|| < —||go-wo—w*||*+ |1 — —||go-wo — w|.
i w1 < 3 lleo- wo w2 1= 7hol - lso-wo —w'|

More details about the assumptions and the proof are in Appendix C.3. Note that due to
unknown step size Ay, extra care is needed in establishing this convergence rate.

The above proposition shows that taking one step of teleportation and one gradient step,
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the result is equal to taking a dampened Newton step (equation 4.51). Hence, the convergence
rate has a quadratically contracting term ||go - wo — w*||?, which is typical of second order
methods. In particular, setting ¥ = 1/A¢ we would have local quadratic convergence. In contrast,
without the teleportation step and under the same assumptions, we would have the following
linear convergence

Wi —w*[| < (1 —uy)llwo—w"||

fory < % using gradient descent. Thus there would be no quadratically contracting term.

In practice, however, the group action used for teleportation is usually not transitive.
Additionally, we do not teleport using the optimal group element since it can be unbounded.
We also do not apply teleportation in every gradient descent step. Therefore, Proposition
4.5.11 serves as an intuition instead of an exact formulation of how teleportation works. We
provide empirical evidence in Section 6 that these approximations do not erase the benefits of
teleportation completely, and leave theoretical investigations of the connection to second-order

methods under approximations as future work.

4.5.6 When is One Teleportation Enough

Despite the guaranteed improvement in convergence, teleporting before every gradient
descent step is computationally expensive. Hence we teleport only occasionally. In fact, for
certain optimization objectives, every point on the gradient flow has the largest gradient norm
in its loss level set after one teleportation [157]. In past work, this result is limited to convex
quadratic functions. In this section, we give a sufficient condition for when one teleportation
results in an optimal trajectory for general loss functions. Full proofs can be found in Appendix
C4.

Let V : # — T.# be a vector field on the manifold .#, where T.# denotes the
associated tangent bundle. Here we consider the parameter space .# = R", although results

in this section can be extended to optimization on other manifolds. In this case, we may write
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V= vi% using the component functions v' : R” — R and coordinates w'.

Consider a smooth loss function L : .#Z — R. Let G be a symmetry group of L, i.e.
L(g-w)=L(w) for all w € .# and g € G. Let X be the set of all vector fields on .Z. Let
R = r"%, where 1 = —g—vfi, be the reverse gradient vector field. Let X = {A = a"% € X| ae
C*(#) and ¥;a'(w)r'(w) = 0,Yw € .4} be the set of vector fields orthogonal to R. If G is a
Lie group, the infinitesimal action of its Lie algebra g defines a set of vector fields X3 C X | .

A gradient flow is a curve y: R — .# where the velocity is given by the value of R, i.e.
Y (t) = Ry for all £ € R. The Lie bracket [A, R] defines the derivative of R with respect to A.
Flows of A and R commute if and only if [A,R] = 0 (Theorem 9.44, [90]). That is, teleportation
can affect the convergence rate only if [A,R]L # 0 for some A € X,. To simplify notation, we
write ([W,R|L)(w) = 0 for a set of vector fields W C X when ([A,R]L)(w) =0 forall A € W.

We consider a gradient flow optimal if every point on the flow is a critical point of the

magnitude of gradient in its loss level set. Note that this definition does not exclude the case

where points on the flow are minimizers of the magnitude of gradient.

2
Definition 4.5.13. Let f : # — R,w— H 3—5 H2 A point w € M is optimal with respect to a set
of vector fields W C X | if Af(w) =0forall A€ W. A gradient flow y: R — . is optimal with

respect to W if y(t) is optimal with respect to W for all t € R.

Proposition 4.5.14. A point w € .# is optimal with respect to a set of vector fields W if and only
if (W, RIL)(w) = 0.

Proof. Note that AL = a' 2L — (). We have

ow!
[A,RIL=ARL—RAL=A(r oL 0=-A oL Af (4.52)
— — = r - - — EYR - . N
’ 8w,~ ow
The result then follows from Definition 4.5.13. O]

A sufficient condition for one teleportation to result in an optimal trajectory is that

whenever the function [A, R|L vanishes at w € ., it vanishes along the entire gradient flow

94



starting at w.

Proposition 4.5.15. Let W C X | be a set of vector fields that are orthogonal to (% Assume that
forallw € A such that ((W,R]L)(w) = 0, we have that (R|W,R|L)(w) = 0. Then the gradient

flow starting at any optimal point with respect to W is optimal with respect to W.

Proof. Consider the gradient flow 7 that starts at an optimal point in W. The derivative of [A, R]L

along Y is

d

S ARIL(Y(1)) = Y () ([A,RIL)(¥(r)) = —R[A, RIL((1)). (4.53)

Since y(0) is an optimal point, [A,R]L(y(0)) = 0 for all A € W by Proposition 4.5.14.
By assumption, if [A,R|L(y(t)) = 0 for all A € W, then R(JA,R]L)(y(t)) =0 for all A € W.
Therefore, both the value and the derivative of [A, R]L stay 0 along 7. Since [A,R]L(7y(t)) = 0 for

allz € R, yis optimal in W. [l

To help check when the assumption in Proposition 4.5.15 is satisfied, we provide an

alternative form of R[W,R|L(w) when [W,R|L(w) = 0.

Proposition 4.5.16. If at all optimal points in S = {(Mg—i)’% €EX|Me R M" = -M},

jOL oL 9L JL
Y Owy Owg Owkow;owl dwi

for all anti-symmetric matrices M € R"*", then the gradient flow starting at an optimal point in

S is optimal in S.

From Proposition 4.5.16, we see that R|W, R]L(w) is not automatically O when [W, R|L(w)
is 0. Therefore, even if the group is big enough to have its infinitesimal actions cover the tangent
space of the level set (X4 = X | ), one teleportation does not guarantee that the gradient flow
intersects all future level sets at optimal points. However, for loss functions that satisfy the

condition in Proposition 4.5.15, teleporting once optimizes the entire trajectory. This is the
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Figure 4.3. Optimization of the Rosenbrock function (top row) and Booth function (bottom row)
using (a) gradient descent and (b) the proposed algorithm. Contours represent the level sets of
the loss function. Loss L and convergence rate dL/dt are shown in (c) and (d). Teleportation
helps move the parameters towards the target.

PL _JL _ _ JPL  IL I s
case, for example, when 5525 515 = ——9=—p % for all i, k, j, o (Proposition C.4.3). In

particular, all quadratic functions meet this condition.

4.6 Experiments
4.6.1 Acceleration through Symmetry Teleportation

We examine the effect of symmetry teleportation on optimization. We illustrate tele-
portation in the parameter space on two test functions and show a speedup in regression and
classification problems using multilayer neural networks. For test functions, we compared with
GD for illustration purposes. For multi-layer neural networks, we also include AdaGrad as a

more competitive baseline.

Rosenbrock function.
We apply symmetry teleportation to optimize the 2-variable Rosenbrock function equa-
tion 4.3. The parameters x;,x; are initialized to (—1,—1). Each algorithm is run 1000 steps with

learning rate 1073, We teleport the parameters every 100 steps. The group elements are found
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by gradient ascent on 0, the parameter for the SO(2) group, for 10 steps with learning rate 10~

The trajectory of parameters and the loss level sets are plotted in Figure 4.3a,b. The blue
star denotes the final position of parameters, the green star denotes the target, and orange dots
are the positions from which symmetry transforms start. While gradient descent is not able to
reach the target in 1000 steps, teleportation allows large steps and reaches the target much earlier.
Figure 4.3d shows that teleportation improves the norm of gradients in the following step, and
4.3c shows its effect on the loss value. Teleportations clearly reduce the number of steps needed

for convergence.

Booth function.

We also test symmetry teleportation on the Booth function defined in Eqn. equation 4.4.
We initialize the parameters x;,x; to (5,—5). Each algorithm is run 10 steps with learning rate
0.08. We perform symmetry teleportation on the parameters once, before epoch 5. The group
elements are found by gradient ascent on 0 for 10 steps with learning rate 0.001. 6 is initialized
uniformly at random over [0, 7). Similar to the Rosenbrock function, teleportation moves the
parameters to a trajectory with a larger convergence rate (Figure 4.3 bottom row).

We compare the gradient at different loss values for gradient descent with and without
teleportation. Figure 4.4 shows that the trajectory with teleportation has a larger dL/dt value
than the trajectory without teleportation at the same loss values. Therefore, the rate of change in

the loss is larger in the trajectory with teleportation, which makes it favorable.

Multilayer neural network regression.

We further evaluated our method on a three-layer neural network with a regression
loss miny, w, w; |Y — W36 (W20 (W;X))||2. The dimension of weight matrices are W5 € R8*7,
Wh € R7%6 and Wy € R®*3. X € R>*4 s the data, Y € R¥** is the target, and o is the LeakyReLU
activation with slope coefficient 0.1. Data X,Y and initialization of parameters W are set

uniformly at random over [0, 1]. GD uses learning rate 10~* and AdaGrad uses 10~!. Each

algorithm is run 300 steps. When using teleportation, we perform symmetry transform on the
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Figure 4.4. Gradient on the trajectory of optimizing the Rosenbrock function (left) and Booth
function (right). At the same loss value, the graident is larger on the trajectory with teleportation,
indicating a better descent path.

parameters once at epoch 5. In GD, the group elements used for these transforms are found by
gradient ascent on T for 8 steps, with learning rate 10~’. In AdaGrad, the group elements are
found by gradient ascent for 2 steps, with learning rate 107>. The choice of hyperparameters
comes from a grid search described in the next section.

Teleportation of the GL(R) group can be performed by finding an element x in its Lie
algebra, such that transforming w by the group element g = exp(x) improves the gradient ‘2—1;. We
use the first order approximation of the exponential map. Between each pair of weight matrices,

dmxdm g initialized to 0.

we replace g, by I+ T and g,,' by I — T in equation 4.13, where T € R
Then we perform gradient ascent steps on 7" with objective defined in Line 3 of Algorithm 1 and
update the pair of weights.

Figure 4.5a and 4.5b show the training curves plotted against epochs and time. Shaded
area denotes one standard deviation from 5 runs. Since GD and AdaGrad use different learning
rates, they are not directly comparable. However, the addition of teleportation clearly improves
both algorithms. Figure 4.5¢ and 4.5d shows the squared norm of gradient from a single run.
Teleportation increases the magnitude of gradient, and the trajectory with teleportation has a

larger dL/dt value at the same loss values, which demonstrates that teleportation finds a better

trajectory.

98



a b C d

— oD 107 — oD

GD+teleport. GD+teleport
—— AdaGrad
—— AdaGrad+teleport

— @D
103 GD+teleport 103
—— AdaGrad —— AdaGrad

—— AdaGrad+teleport

—— AdaGrad+teleport

— GD
GD+teleport

—— AdaGrad

—— AdaGrad+teleport

10°

0 100 200 300 0.00 0.03 0.06 0.09 0 100 200 300 10° 10! 10?2 10°
Epoch time (s) Epoch Loss

Figure 4.5. Multi-layer network optimization using gradient descent with and without teleporta-
tion. Teleportation reduces both the number of epochs and the total computational time required
to reach convergence. At the same loss values, the teleported version has a larger gradient.

MNIST classification.

We apply symmetry teleportation on the MNIST classification task [34]. We split the
training set into 48,000 for training and 12,000 for validation. The input data has dimension
28 x 28 and 1is flattened into a vector. The output of the neural network has dimension 10
corresponding to the 10 digit classes. We used a three-layer neural network with hidden
dimension [512,512], LeakyReLU activations, and cross-entropy loss. Learning rate is 2 x 1073,
and learning rate for teleportation is 1073, Each optimization algorithm is run 80 epochs with
batch size of 20. Immediately after the first epoch, we apply teleportation using data from one
mini-batch, and repeat for 4 different mini-batches. For each mini-batch, 10 gradient ascent steps
are used to optimize g,,.

Figure 4.6a,b shows the effect of teleportation on training and validation loss, and Figure
4.6¢,d shows the norm of the gradient in training. While teleportation significantly accelerates
the decrease of the training loss in SGD, its effect on the validation loss is limited and detrimental
for AdaGrad. Therefore, teleportation on MNIST makes training faster at the beginning but leads
to earlier overfit and slightly worse validation accuracy. A possible reason is that regions with

large gradients have sharp minima that do not generalize well.

4.6.2 Hyperparameter Tuning

To observe the effect of hyperparameters on the speedup in computation time, we did

a hyperparameter sweep on the number of steps and the learning rate used in each teleporta-
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Figure 4.6. MNIST classification using gradient descent with and without teleportation. Solid
lines are training loss and dashed lines are validation loss.

tion. The speedup of teleportation on SGD and AdaGrad is defined by 74 / Isgd+telepors and
tadagrad [adagrad-+teleport TESPECtively, Where o4, tadagraa are the wall-clock time required to reach
convergence using SGD or AdaGrad, and Zsgq{ seleport Ladagrad-+telepors ar€ convergence time with
teleportation. We consider the optimization algorithm converged if the difference between the
loss of two consecutive steps is less than 1073, This experiment is run on one CPU.

Figure 4.7 shows the speedup of the same multilayer neural network regression problem
defined in Section 4.6.1, but teleporting only once at epoch 5. We did a grid search for tele-
portation learning rates in [107,107%,1077,107%,107>] and number of teleportation steps in
[1,2,4,8,16,32]. Omitted points in the figure indicate that the gradient descent fails to converge
within 2000 steps or diverges.

When converged, most hyperparameter combinations improve the convergence speed in
wall-clock time (speedup > 1). There are trade-offs in both the number of steps used for each
teleportation and the teleportation learning rate. Increasing the number of steps used to optimize
teleportation target allows us to find a better point in the parameter space but increases the cost
of one teleportation. Increasing the learning rate of optimizing the group element improves
|0L/dw|| but is more likely to lead to divergence since ||dL/dw|| can become too large for the

gradient descent learning rate.

4.6.3 Teleportation Schedule

The effect of teleportation varies depending on its time and frequency. Figure 4.8 shows

the result of teleportation on MNIST with different hyperparameters. In all experiments, we
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Figure 4.8. Teleportation (a) once at different epoch, (b) 5 times with different teleportation
schedules, and (c) using different number of mini-batches. The lists in the legend of (a) and (c)
denote the epoch numbers in teleportation schedule where teleportation happens.

use SGD with batch size 20, learning rate 2 x 1073, and 10 gradient ascent steps for each
teleportation.

In Figure 4.8a, we randomly select 4 different mini-batches and apply teleportation on
each of them individually, but at different epochs. Teleportation before training has the worst
performance. After epoch 0, the effect of teleportation is stronger when it is applied earlier.
In Figure 4.8b, we again apply teleportations on 4 randomly selected mini-batches, but repeat
this with 5 different teleportation schedules (hyperparameter K in Algorithm 1) as shown in
the legend. All schedules have the same number of teleportations. Smaller intervals between
teleportations accelerate convergence more significantly. In Figure 4.8c, we apply teleportation
immediately after the first epoch, but use different numbers of mini-batches and teleport using
each of them individually. Using more mini-batches to teleport leads to faster decrease in training

loss but is also more prone to overfitting.
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4.6.4 Runtime Analysis

The additional amount of computation introduced by teleportation depends on the imple-
mentation of Line 2-5 of Algorithm 1. We discuss our implementation for teleporting multi-layer
neural networks as an example. Teleportating each pair of adjacent weight matrices requires
computing the inverse of the output from the previous layer. Denote the batch size as n, the
largest dimension of all layers as d,;4x, and the number of layers as /. Assume that d,;,q, > n.

Computing the inverse of the output of each layer has complexity O(d2,.n), and computing the

max

pseudoinverse for all layers has complexity O(d,%mxnl ). Note that all matrices we invert have
dimensions at most d,,, X .

For one gradient ascent step on g, the forward and backward pass both have complexity
O(d2,.nl). This is the same as the forward and backward pass of gradient descent on w because
the architecture is the same except with approximately twice as many layers. We perform ¢
gradient ascent steps on g. Therefore, the computation cost for one teleportation is O(d2,,nlt).

We show empirically that the runtime for teleportation scales polynomially with matrix
dimensions and linearly with the number of layers. We record the runtime of gradient descent
on a Leaky-ReLU neural network for 300 epochs, with a 10-step teleportation every 10 epochs.
Each pair of adjacent weight matrices is transformed by a group action during teleportation.
Figure 4.9(a) shows the runtime for a 3-layer network using square weights and data matrices
with different dimensions. Figure 4.9(b) shows the runtime for 128-by-128 weight and data
matrices with different number of layers.

Although the teleportation step has the same complexity as a gradient descent step, the
runtime is dominated by teleportation due to larger constants in the complexity analysis. The
trade-off between teleportation time and convergence rate depends on specific problems. In our

experiments, the convergence rate is improved by a small number of teleportation steps which

does not add significant computational overhead.
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Figure 4.9. Gradient descent training time on a Leaky-ReLU neural network for 300 epochs,
with a 10-step teleportation every 10 epochs. (a) 3-layer network using square weights and data
matrices, with different dimensions. (b) Weights and data are all 128 by 128 matrices, but the
network has different number of layers.

4.7 Discussion and Conclusions

We proposed a new optimization algorithm that exploits the symmetry in the loss land-
scape to improve convergence. It is interesting to note that optimizing dL/dt locally sometimes
leads to an improved global path. One example is the ellipse function (Figure 4.1), where tele-
porting once ensures that dL/dt is optimal at every L value along the trajectory. Another example
is the matrix factorization problem L(U,V) = ||Y — UV/||3. [135] shows that the convergence
rate increases with the imbalance U7 U — VT V. Consider the transformation U,V — Ug,g~'V.
To optimize dL(U,V)/dt locally, we would need a large g € GL,,, but a large g also leads to a
large UTU — VTV which is positively correlated with the overall convergence rate of the entire
trajectory. Hence teleportation is guaranteed to produce a better trajectory.

A potential future direction is to derive the exact expression for how teleportation affects
the loss value at a later time in gradient flow, which may lead to a closed-form solution of the
optimal teleportation destination. Additionally, inspired by the landscape view of parameter
space symmetry [128], teleportation using discrete (permutation) symmetries may allow us to
reach a better minimum. Finally, additional theory can be developed to explain the relationship
between teleportation and second-order methods under the approximations we introduced,

especially to quantify the improvement on the overall convergence rate, and to derive its effect on
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generalization bounds. Integrating teleportation with other advanced optimizers such as Adam

and RMSprop would be another interesting future step.
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Chapter 5

Symmetry Teleportation II: Improving
Generalization and Other Optimizers

In Chapter 4, we saw that symmetry teleportation is a theoretically grounded method
for accelerating gradient-based optimization. In this chapter, we extend the algorithm to a new
objective — improving generalization after training. In particular, we show that teleporting to
minima with different curvatures improves generalization, which suggests a connection between
the curvature of the minimum and generalization ability. In the second part of this chapter, we
show that teleportation can readily integrate into a wide range of optimization algorithms beyond
vanilla gradient descent. We then further expand the scope of teleportation by exploring the
feasibility to learn the teleportation destination directly. Our results showcase the versatility of

teleportation and demonstrate the potential of incorporating symmetry in optimization.

5.1 Introduction

Previous applications of teleportation are limited to accelerating optimization. We now
explore a different objective — improving generalization. We relate properties of minima to
their generalization ability and optimize them using teleportation. We empirically verify that
certain sharpness metrics are correlated with generalization [76], although teleporting towards
flatter regions has negligible effects on the validation loss. Additionally, we hypothesize that

generalization also depends on the curvature of minima. For fully connected networks, we
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derive an explicit expression for estimating curvatures and show that teleporting towards larger
curvatures improves the model’s generalizability.

To demonstrate the wide applicability of parameter space symmetry, we expand tele-
portation to standard optimization algorithms beyond SGD, including momentum, AdaGrad,
RMSProp, and Adam. Experimentally, teleportation improves the convergence speed for these
algorithms. Inspired by conditional programming and optimization-based meta-learning [9],
we also propose a meta-optimizer to learn where to move parameters in a loss level set. This
approach avoids the computation cost of optimization on group manifolds and improves upon
existing meta-learning methods that are restricted to local updates.

The convergence speedup, applications in improving generalization, and the ability to
integrate with different optimizers demonstrate the potential of improving optimization using

symmetry.

5.2 Sharpness, Curvatures, and Their Relation to General-
ization

Teleportation was originally proposed to speedup optimization. In this section, we explore
the suitability of teleportation for improving generalization, which is another important aspect
of deep learning. We first review definitions of the sharpness of minima. Then, we introduce
a novel notion of the curvature of minima and discuss its implications on generalization. By
observing how sharpness and curvature of minima are correlated with generalization, we improve
generalization by incorporating sharpness and curvature into the objective for teleportation in the

next section

Related work.
The sharpness of minima has been linked to the generalization ability of models both
empirically and theoretically [64, 76, 113, 35, 166], which motivates optimization methods that

find flatter minima [28, 46, 85, 77]. We employ teleportation to search for flatter points along
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the loss level sets. The sharpness of a minimum is often defined using properties of the Hessian
of the loss function, such as the number of small eigenvalues [76, 28, 121] or the product of
the top k eigenvalues [146]. Alternatively, sharpness can be characterized by the maximum loss
within a neighborhood of a minimum [76, 46, 77] or approximated by the growth in the loss
curve averaged over random directions [70]. The sharpness of minima does not always capture
generalization [36] [8]. Some reparametrizations do not affect generalization but can lead to

minima with different sharpness.

5.2.1 Sharpness of Minima

Flat minima tend to generalize well [64], typically characterized by numerous small
Hessian eigenvalues. Although Hessian-based sharpness metrics are known to correlate well
with generalization, they are expensive to compute and differentiate through. To use sharpness
as an objective in teleportation, we consider changes in the loss averaged over random directions.
Let D be a set of vectors drawn randomly from the unit sphere {d € R" : ||d||=1},and T C R a
set of displacements. Then, we have the following metric [70]:

1

Sharpness: ¢ (w,T,D) = TID]

Y ) Lw+d). (5.1

teT deD

5.2.2 Curvature of Minima

At a minimum, the loss-invariant or flat directions are zero eigenvectors of the Hessian.
The curvature along these directions does not directly affect Hessian-based sharpness metrics.
However, these curvatures may affect generalization, by themselves or by correlating to the
curvature along non-flat directions. Unlike the curvature of the loss (curve L(w) in Figure 5.1),
the curvature of the minima (curve y) is less well studied. We provide a novel method to quantify
the curvature of the minima below.

Assume that the loss function L has a G symmetry. Consider the curve 9 : R x R" — R”
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Figure 5.1. Gradient flow (L(w)) and a curve on the minimum (7). The curvature of both curves
may affect generalization.

where M € Lie(G) and Yy (t,w) = exp (tM) - w. Then y(0,w) = w, and every point on Jj, is in

the minimum if w is a minimum. Let ¢ = ‘;—2’ be the derivative of a curve y. The curvature of 7y is

K(y,1) = ‘||\7T//((ft)) ||‘| , where T'(t) = H;E ;H is the unit tangent vector. The curvature can be written as

12 _(n) .
a function of ¥ and y”, as k = [y Pl \‘||7/\|3()/ 8 ] [5, 125]. We assume that the action map is

smooth, since calculating the curvature requires second derivatives and optimizing the curvature
via gradient descent requires third derivatives.

Since the minimum can have more than one dimension, we measure the curvature of
a point w on the minimum by averaging the curvature of k curves with randomly selected Lie

algebra elements M; € Lie(G). The resulting new metric is

1 k
C ture: = - K (0, 52
urvature - Z (7m,(0,w),0) . (5.2)

i=1

There are different ways to measure the curvature of a higher-dimensional manifold, such as
using the Gaussian curvature of 2D subspaces of the tangent space. However, our method of

approximating the mean curvature is easier to compute and suitable as a differentiable objective.
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Figure 5.2. Illustration of the effect of sharpness (a,b) and curvature (c,d) of minima on
generalization. See Figure 5.1 for a 3D visualization of the curves L(w) and . When the loss
landscape shifts due to a change in data distribution, sharper minima have larger increase in
loss. In the example shown, minima with larger curvature moves further away from the shifted

minima.

5.2.3 Correlation with Generalization

Generalization reflects how loss changes with shifts in data distribution. The sharpness
of minima is well known to be correlated with generalization. Figure 5.2(a)(b) visualizes an
example of the shift in loss landscape (L(w)), and the change of loss AL at a minimizer w* is large
when the minimum is sharp. The relation between the curvature of minimum and generalization
is less well studied. Figure 5.2(c)(d) shows one possible shift of the minimum (7). Under this
shifting, the minimizer with a larger curvature becomes farther away from the shifted minimum.
The curve on the minimum can shift in other directions.

We verify the correlation between sharpness, curvatures, and validation loss on MNIST
[34], Fashion-MNIST [149], and CIFAR-10 [80]. On each dataset, we train 100 three-layer
neural networks with LeakyReLU using different initializations. We generate the 100 different
models used in Section 4.3 by training randomly initialized models. For all three datasets
(MNIST, FashionMNIST, and CIFAR-10), we train on 50,000 samples and test on a different set
of 10,000 samples. The labels for classification tasks belongs to 1 of 10 classes.

For a batch of flattened input data X € R9%20 and labels Y € R?Y, the loss function
is L(Wy, W5, W3,X,Y) = CrossEntropy (W36(W>o (W X)),Y ), where W3 € R10OxR2 W, ¢ Rixhi

W; € R >4 are the weight matrices, and o is the LeakyReLU activation with slope coefficient 0.1.

109



For MNIST and Fashion-MNIST, d = 282, h; = 16, and h, = 10. For CIFAR-10, d = 323 x 3,

h; =128, and hy, = 32. The learning rate for stochastic gradient descent is 0.01 for MNIST and

Fashion-MNIST, and 0.02 for CIFAR-10. We train each model using mini-batches of size 20 for

40 epochs.

When computing the sharpness ¢, we choose the displacement list T that gives the

highest correlation. The displacements used in this paper are 7 = 0.001,0.011,0.021,...,0.191

for MNIST, and 7T = 0.001,0.011,0.021,...,0.191 for Fashion-MNIST and CIFAR-10. We

evaluate the change in loss over |D| = 200 random directions. For curvature y, we average over

k =1 curves generated by random Lie algebras (invertible matrices in this case).
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Figure 5.3. Correlation between sharpness and validation loss on MNIST (left), Fashion-MNIST
(middle), and CIFAR-10 (right). Sharpness and generalization are strongly correlated.
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Figure 5.4. Correlation between curvature and validation loss on MNIST (left), Fashion-MNIST
(middle), and CIFAR-10 (right). There is a weak negative correlation in all three datasets.

Table 5.1 shows the Pearson correlation between validation loss and sharpness or cur-

vature. Figure 5.3 and 5.4 visualizes the correlation result in Table 5.1. Each point represents
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Table 5.1. Correlation between sharpness, curvature, and validation loss.

sharpness (¢) curvature ()
MNIST Fashion-MNIST CIFAR-10 MNIST Fashion-MNIST CIFAR-10
0.704 0.790 0.899 -0.050 -0.232 -0.167

one model. In all three datasets, sharpness has a strong positive correlation with validation
loss, meaning that the average change in loss under perturbations is a good indicator of test
performance. For the architecture we consider, the curvature of minima is negatively correlated
with the validation loss. We observe that the magnitudes of the curvatures are small, which

suggests that the minima are relatively flat.

5.2.4 More Intuition on Curvatures and Generalization

Example: curvature affects average displacement of minima

Consider an optimization problem with two variables wi,w, € R. Assume that the
minimum is a curve ¥ : R — R? in the two-dimensional parameter space. For a point wy on ¥,
we estimate its generalization ability by computing the expected distance between wq and the
new minimum obtained by shifting 7.

We consider the following two curves as examples:

71 R =Rt (t,ki1?)

% :[0,27] — R2,0 — (kycos(8),kysin(0) + k), (5.3)

with k1, k; € R70. The curve 71 is a parabola with curvature k] = 2k; at wo = (0,0). The curve
P is a circle, with curvature k, = % at wg. Note that y; is the only polynomial approximation
with integer power (y(z) = (t,k|t|"),n € Z) where the curvature at wy depends on k. When
n < 1, the value of wy is undefined. When n = 1, the first derivative at wg is undefined. When
n>2, k(wy)=0.

Assume that a distribution shift in data causes 7 to shift by a distance r, and that the
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direction of the shift is chosen uniformly at random over all possible directions. Viewing from
the perspective of the curve, this is equivalent to shifting wq by distance r.

The distance between a point w and a curve 7 is
dist(w,y) = min |w —w||,. (5.4)
wep

Let S, be the circle centered at the origin with radius r. The expected distance between

the old solution wy and shifted curve is

. [s dist(w,y)ds 27 dist((rcos 6, rsin 0),y)rd6
Eyes, [dist(w,7)] = = == 8 T LY '
fS,ds fo rd0

(5.5)

In the limit of zero curvature, ¥ is a straight line y(z) = (¢,0). In this case, the expected

distance is

2n .
0|rd6 2
Eycs, [dist(w, )]:fo rsin6|rd® _ 2r o 639, (5.6)
2nr b

Figure 5.5(b)(c) shows that the expected distance’s dependence on k. Using both curves
" and 7, the generalization ability of wy depends on the curvature at wy. However, the type of
dependence is affected by the type of curve used. In other words, the curvatures at points around
wy affect how the curvature at w affects generalization. Therefore, from these results alone, one
cannot deduce whether minima with sharper curvatures generalize better or worse. To find a
more definitive relationship between curvature and generalization, further investigation on the
type of curves on the minimum is required.

We emphasize that this example only serves as an intuition for connecting curvature to
generalization. As a future direction, it would be interesting to consider different families of
parametric curves, higher dimensional parameter spaces, and deforming in addition to shifting

the minima.
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Figure 5.5. (a) [llustration of the parameter space, the minimum (y), and all shifts with distance
r (S;). (b) Expected distance between wg and the new minimum as a function of k, for quadratic
approximation 7;. (c) Expected distance between wy and the new minimum as a function of k,

for constant curvature approximation 9. The expected distance is scaled by r so that the curves
can be plotted together.

Higher dimensions

Figure 5.6 visualizes a curve obtained from a 2D minimum. However, it is not immedi-
ately clear what curves look like on a higher-dimensional minimum. A possible way to extend

previous analysis is to consider sectional curvatures.

minima
s T T T T 77 =7/
/

,'/—A A — _/\

Figure 5.6. Left: a 2D minima in a 3D parameter space. Right: a 2D subspace of the parameter
space and a curve on the minima (the intersection of the minima and the subspace).

5.3 Teleportation for Improving Generalization

To improve the generalization ability of the minimizer and to gain understanding of the

curvature of minima, we teleport parameters to regions with different sharpness and curvature.
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Multi-layer neural networks have GL(R) symmetry between layers. We parametrize the group
by its Lie algebra 7', and perform gradient ascent on 7 to maximize the gradient norm at the
transformed parameters |VL|eyp (7).|- Algorithm 2 demonstrates how to increase curvature y by
teleporting two layers, with hidden dimension 4, in an MLP. In experiments, we use an extended
version of the algorithm, which teleports all layers by optimizing on a list of 7”’s concurrently.
During teleportation, we perform gradient descent on the group elements to change ¢ or y.

Results are averaged over 5 runs.

Algorithm 2: Changing curvature using teleportation

Input: loss function L(w), parameters before teleportation wy, teleportation learn-
ing rate Nselepors, NUMber of teleportation Steps nyejepor -
Output: parameters after teleportation wy,,,, .-
for 1 =0 to nyejepors — 1 do
initialize T = Oy,

1 setw) = (Ixp +T) - wy
compute grad = —d‘l’;(}v’”

set Ty = Nteleport X grad
set w1 =([+T;)-wy
end for
Return wy, ;.

2.0 2.0
! — SGD ! — SGD
—— teleport(decrease ¢) —— teleport(decrease y)
teleport(increase ¢) teleport(increase y)
% 1.7 & 1.7
o o
- -
e, Wl
S e~ - b
- s
1.4 "\ 1.44 —— iy,
0 20 40 0 20 40
Epoch Epoch

Figure 5.7. Changing sharpness (left) or curvature (right) using teleportation and its effect on
generalization on CIFAR-10. Solid line represents average test loss, and dashed line represent
average training loss. Teleporting to decrease sharpness improves validation loss slightly.
Teleportation changing curvatures has a more significant impact on generalization ability.

On CIFAR-10, we run SGD using the same three-layer architecture, but with a smaller
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Figure 5.8. Changing sharpness (left) or curvature (right) using teleportation and its effect on
generalizability of AdaGrad solutions on CIFAR-10. Solid line represents average test loss, and
dashed line represent average training loss.

hidden size h; = 32 and hy, = 10. At epoch 20 which is close to convergence, we teleport using
5 batches of data, each of size 2000. During each teleportation for ¢, we perform 10 gradient
ascent (or descent) steps on the group element. During each teleportation for y, we perform 1
gradient ascent (or descent) step on the group element. The learning rate for the optimization on
group elements is 5 x 1072,

Figure 5.7 shows the training curve of SGD on CIFAR-10, with one teleportation at
epoch 20. We observer similar results for AdaGrad (Figure 5.8). Teleporting to flatter points
slightly improves the validation loss, while teleporting to sharper points has no effect. Since
the group action keeps the loss invariant only on the batch of data used in teleportation, the
errors incurred in teleportation have a similar effect to a warm restart, which makes the effect of
changing sharpness less clear.

Interestingly, by changing the curvature, teleportation is able to affect generalization.
Teleporting to points with larger curvatures helps find a minimum with lower validation loss,
while teleporting to points with smaller curvatures has the opposite effect. This suggests that at

least locally, curvature is correlated with generalization.
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5.4 Applications to Other Optimization Algorithms

Having shown teleportation’s potential to improve optimization and generalization, we
demonstrate its wide applicability by integrating teleportation into different optimizers and

meta-learning.

5.4.1 Integrating Teleportation with Momentum and AdaGrad
Setup.
We test teleportation with various algorithms using the a 3-layer neural network and

», with data X € R3*4, target Y € R8*4,

mean square error: minw, w, w; [|[¥ —Wso (W20 (W1 X))
and weight matrices W3 € R¥*7, W, € R7*®, and W; € R%*>. The activation function o is
LeakyReLU with slope coefficient 0.1. Each element in the weight matrices is initialized

uniformly at random over [0, 1]. Data X,Y are randomly generated also from [0, 1].

Momentum.

We compare three strategies of integrating teleportation with momentum: teleporting
both parameters and momentum, teleporting parameters but not momentum, and reset momentum
to 0 after a teleportation. In each run, we teleport once at epoch 5. Each strategy is repeated 5
times.

The training curves of teleporting momentum in different ways are similar (Figure 5.9a),
possibly because the momentum accumulated is small compared to the gradient right after
teleportations. All methods of teleporting momentum improves convergence, which means

teleportation works well with momentum.

AdaGrad.

In AdaGrad, the rate of change in loss is

dL(w) OLTdw
) _ 9L L, 6)
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1

where 1 € R is the learning rate and || VL||4 the Mahalanobis norm with A = (el +diag(G,+1)) 2.
Previously, we optimize ||VL||, in teleportation. We compare that to optimizing | VL|| 4. Since the
magnitude of A is different than 1, a different learning rate for the gradient ascent in teleportation
is required. We choose the largest learning rate (with two significant figures) that does not lead
to divergence. The teleportation learning rates used are 1.2 x 10~ for objective max, ||VL|2
and 7.5 x 103 for objective maxg || VL] 4.

Teleporting using the group element that optimizes ||VL||4 has a slight advantage (Figure

5.9b). Similar to the observations in [157], teleportation can be integrated into adaptive gradient

descents.
(a) (b)
—— Momentum —— AdaGrad
103/ Momentum-+teleport(none) 1031 AdaGrad+teleport_||dL/dw||_2
—— Momentum-+teleport(teleport) —— AdaGrad+teleport_||dL/dw||_A
—— Momentum-+teleport(reset)
& 102’ & 102,
(@] (@]
- -l
10t 101,
109, 100 -
0 100 200 300 0 100 200 300
Epoch Epoch

Figure 5.9. Comparison of different methods of integrating teleportation with momentum and
AdaGrad.

5.4.2 Standard Optimizers

Teleportation improves optimization not only for SGD. To show that teleportation works
well with other standard optimizers, we train a 3-layer neural network on MNIST using different
optimizers with and without teleportation.

During training, we teleport once at the first epoch, using 8 minibatches of size 200.
We use a three-layer model and cross-entropy loss for classification with minibatches of size
20. For a batch of flattened input data X € R28%20 and labels ¥ € R0, the loss function is

L(W;,W5,W3,X,Y) = CrossEntropy (W36(W>6(WX)),Y), where W3 € R19%10 y, ¢ R10x16,
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W) € R16%28 are the weight matrices, and o is the LeakyReLU activation with slope coefficient
0.1. The learning rates are 10~* for AdaGrad, and 5 x 10~2 for SGD with momentum, RMSProp,
and Adam. The learning rate for optimizing the group element in teleportation is 5 x 1072, and
we perform 10 gradient ascent steps when teleporting using each mini-batch. We use 50,000
samples from training set for training, and 10,000 samples in the test set for testing.

Figure 5.10 shows that teleporation improves the convergence of Adagrad. As for SGD
with momentum, RMSProp, and Adam, there is only an improvement in the first 10 epoches.
The runtime for a teleportation is smaller than the time required to train one epoch, hence

teleportation improves convergence rate per epoch at almost no additional cost of time (Figure

5.11).

0.5 ——- Adagrad train | ==- momentum train | —=-=- RMSprop train \ ——- Adam train
) —— Adagrad test 0.7 ‘l —— momentum test ﬁ —— RMSprop test 0.9 ‘. —— Adam test
0.4 Adagrad+teleport train . ] momentum-+teleport train 0.8 | RMSprop+teleport train 0'7 \ Adam-+teleport train
@ : \ Adagrad_teleport test o 0.5 1\ momentum_teleport test ©0.6 RMSprop_teleport test o SN Adam_teleport test
QO o : )
o N\ (] R o
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~~~~~~~~~ 0.2
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Figure 5.10. Integrating teleportation with AdaGrad, momentum, RMSProp, and Adam improves
the convergence rate on MNIST. Solid line represents the average test loss, and dashed line

represents the average training loss. Shaded areas are 1 standard deviation of the test loss across
5 runs.
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Figure 5.11. Runtime comparison for integrating teleportation into various algorithms. Solid
line represents average training loss, and dashed line represents average test loss. Shaded areas
are 1 standard deviation of the test loss across 5 runs. The plots look almost identical to Figure
5.10, indicating that the cost of teleportation is negligible compared to gradient descents.
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5.5 Learning to Teleport

In optimization-based meta-learning, the parameter update rule or the hyperparameters
are learned using a meta-optimizer [9, 44]. Teleportation introduces an additional degree of
freedom in parameter updates. We augment existing meta-learning algorithms by learning both
the local update and teleportation. This allows us to teleport without implementing the additional
optimization step on groups, which reduces computation time.

_ dL

Let w; € R? be the parameters at time 7, and V, = 5| be the gradient of the loss L. In
Wy

gradient descent, the update rule with learning rate 7 is
Wi =w,— NV,

In meta-learning [9], the update on w; is learned using a meta-learning optimizer m,
which takes V; as input. Here m is an LSTM model. Denote /; as the hidden state in the LSTM

and ¢ as the parameters in m. The update rule is

Wi =wi+ f

Ji

he 1

= m(vlaht,d))'

Extending this approach beyond an additive update rule, we learn to teleport. Let G
be a group whose action on the parameter space leaves L invariant. We use two meta-learning

optimizers mj,m; to learn the update direction f; € R¢ and the group element g, € G-

Wiil =8t (Wt ‘|‘ft)

fi 8t
:ml(vtahll7¢l)7 :mZ(thzl?(PZ)'

hlz+1 h2z+1
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Experiment setup.

We train and test on two-layer neural networks L(W, W) = ||Y — Wo6 (W X)||2, where
Wo, Wi, X,Y € R?0*20 and ¢ is the LeakyReLU function with slope coefficient 0.1. Both meta-
optimizers are two-layer LSTMs with hidden dimension 300. We train the meta-optimizers on
multiple trajectories created with different initializations, each consisting of 100 steps of gradient
descent on L with random X,Y and randomly initialized W’s. We update the parameters in m;
and m, by unrolling every 10 steps. The learning rate for meta-optimizers are 10~* for m; and
1073 for m,. We test the meta-optimizers using 5 trajectories not seen in training.

Algorithm 3 summarizes the training procedure. The vanilla gradient descent baseline
(“GD”) uses the largest learning rate that does not lead to divergence (3 x 10~#). The second
baseline (“LSTM(update)”) learns the update f; only and does not perform teleportation (g; =
1,Vt). The third baseline (“LSTM(r,tele)”) learns the group element g; and the learning rate
used to perform gradient descent instead of the update f;. We keep training until adding more
training trajectories does not improve convergence rate. We use 700 training trajectories for our
approach, 600 for the second baseline, and 30 for the third baseline.

Results. By learning both the local update f; and non-local transformation g;, our meta-
optimizer successfully learns to learn faster. Figure 5.12 shows the improvement of our approach
from the previous meta-learning method, which only learns f;. Compared to the baselines,
learning the two types of updates together (“LSTM (update,tele)”) achieves better convergence
rate than learning them separately. Additionally, learning the group element g; eliminates the
need for performing gradient ascent on the group manifold and reduces hyperparameter tuning for
teleportation. As an example of successful integration of teleportation into existing optimization
algorithms, this toy experiment demonstrates the flexibility and promising applications of

teleportation.
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Algorithm 3: Learning to teleport
Input: Loss function L, learning rate 717, number of epochs 7', LSTM models
my,my with initial parameters ¢y, ¢,, unroll step t,,,,01-
Output: Trained parameters ¢; and ¢@».
for each training initialization do
forr=1to T do
fioh,, =mi (Vi hy,, 01)
1 gtvh2r+1 = mZ(Vlvh%v‘PZ)
W g (W fy)
if 1 mod¢,,,,; =0 then
update ¢1, ¢, by back-propogation from accumulated loss Zj:,_,um y L(w;)
end if
end for
end for

5.6 Discussion

Teleportation is a powerful tool to search in the loss level sets for parameters with desired
properties. We provide theoretical guarantees that teleportation accelerates the convergence
rate of SGD. Using concepts in symmetry, we propose a novel notion of curvature and show
that incorporating additional teleportation objectives such as changing the curvatures can be
beneficial to generalization. The close relationship between symmetry and optimization opens
up a number of exciting opportunities. Exploring other objectives in teleportation appears to
be an interesting future direction. Other possible applications include extending teleportation
to different architectures, such as convolutional or graph neural networks, and to different
algorithms, such as sampling-based optimization.

The empirical results linking sharpness and curvatures to generalization are intriguing.
However, the theoretical origin of their relation remains unclear. In particular, a precise descrip-
tion of how the loss landscape changes under distribution shifts is not known. More investigation
of the correlation between curvatures and generalization will help teleportation to further improve

generalization and take us a step closer to understanding the loss landscape.
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Figure 5.12. Performance of the trained meta-optimizer on the test set. Learning both local
update f; and nonlocal transformation g; results in better convergence rate than learning only
local updates or learning only teleportation.
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Chapter 6

An Empirical Approach for Discovering
Parameter Space Symmetry

In Chapters 2 through 5, we saw that parameter space symmetry is important for un-
derstanding neural networks’ loss landscape, training dynamics, and generalization. However,
identifying the full set of these symmetries remains a challenge. In this chapter, we explore an
empirical approach for finding symmetries. We formalize data-dependent parameter symmetries
and derive their infinitesimal form, which enables an automated approach to discovering symme-
try across different architectures. Our framework systematically uncovers parameter symmetries,
including previously unknown ones. We also prove that symmetries in smaller subnetworks
can extend to larger networks, enabling direct generalization of discovered symmetries to more

complex models.

6.1 Introduction

Parameter space symmetry, or loss-invariant transformation of parameters, influences
various aspects of deep learning theory. Continuous symmetry connects groups to their orbits,
revealing topological properties such as the dimension [160] and connectedness [159] of the
minimum. Parameter symmetry also influences training dynamics through the associated con-
served quantities of gradient flow [82] and by steering stochastic gradient descent towards certain

favored solutions [168]. Additionally, symmetry provides a tool to perform optimization within a
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loss level set, with successful applications in accelerating optimization [11, 157] and improving
generalization [161]. Other applications of parameter symmetry include model compression
[51, 132], efficient sampling in Bayesian neural networks [144], and equivariant architectures
for weight space learning [106, 165].

Despite the wide range of applications, our knowledge of parameter space symmetries
remains limited. In particular, known symmetries often cannot account for all loss-invariant
parameter transformations. While several frameworks have been developed to unify known
symmetries, whether the symmetries in current literature are complete remains an open question.
The lack of a systematic approach necessitates deriving symmetries from scratch for each new
architecture, creating barriers for broader application of parameter symmetries.

In this paper, we present an automated approach for discovering symmetry groups and
their group actions in the parameter space of neural networks. To define the search space, we
formalize data-dependent symmetries and derive their infinitesimal version, which simplifies
the discovery architecture. Additionally, we learn the action maps directly using a neural
network, enabling the discovery of nonlinear group actions. By including data-dependent and
nonlinear group actions, our framework is capable of capturing a broader range of symmetries
than previously considered.

While directly searching for symmetries in modern architectures with billions of param-
eters is prohibitively expensive, we show that large networks often inherit symmetries from
their components or subnetworks. Analyzing these smaller networks provides an efficient and
scalable way to uncover many symmetries in larger architectures. By extending the symmetries
of small networks to their larger counterparts, our method sidesteps the complexity of handling
high-dimensional parameter spaces, reducing computational cost. This approach also provides
a framework for leveraging small-scale symmetries to better understand the structure of more
complex architectures.

In summary, our main contributions are:
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* A formal definition of data-dependent parameter symmetries and their infinitesimal form.

* An approach to identify symmetries in the parameter space of large networks from known

symmetries in smaller subnetworks.

* A framework for automated discovery of parameter symmetries across several neural

architectures.

* Evidence of previously unknown symmetries that are data-dependent or act on non-

contiguous layers.

6.2 Related Work

Parameter space symmetry.

Parameter symmetries are loss-invariant transformations on neural network parameters,
often in the form of group actions. Symmetry often arises from equivariance of common
activation functions [55], including invertible linear transformations in linear networks, rescaling
in homogeneous networks [16, 38, 114], radial rescaling in radial neural networks [51], and
translation in softmax and scaling in batchnorm functions [82]. In tanh networks [29], only
permutation and sign flip symmetries preserve the loss function. ReLU networks, however,
possess symmetries beyond the well-known rescaling [57]. The existence and number of

symmetries in most other architectures remain as open questions.

Data-dependent symmetry.

While the above symmetries leave the loss unchanged on all data, a relaxed definition,
data-dependent symmetry, only requires loss invariance on a subset of data. [160] found examples
of such symmetries with nontrivial data dependency, although these symmetries are complicated,
limited to minibatches of size one, and difficult to generalize across different architectures. This
motivates an automated symmetry discovery framework, which, in principle, can find symmetries

of arbitrary form in arbitrary architectures. The concept of a symmetry dependent on data has
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also appeared in adjacent fields. For example, [103] observe that learned data invariance in neural
networks is strongly conditioned on data and breaks under data distribution drift; [131] define
a joint group action on data and parameters as part of a new proof of universal approximation

theory.

Discovering and measuring symmetry.

Various work explores learning continuous symmetries by identifying generators of Lie
groups [79, 104, 33, 152, 50], including cases with nonlinear group actions [151, 124]. We build
on this approach to discover data-dependent group action in high-dimensional parameter spaces.
While learning discrete symmetry [164, 75] and distributions of symmetry [20, 119, 138] are
also relevant, they are not the primary focus of this paper.

Extracted symmetry is often evaluated locally, by measuring function changes under
infinitesimal symmetry transformations [59] or by comparing tangent spaces of orbits under the
learned group and the true symmetry group [116]. We adopt the local invariance of loss functions
under symmetry transformation, similar to that defined in [59, 104], as the minimization objective

in learning data-dependent group actions.

6.3 Infinitesimal Data-Dependent Symmetry

In this section, we derive an alternative definition for data-dependent symmetries using
Lie algebras. For the automatic symmetry discovery framework in Section 6.5, these definitions
allow us to learn the group elements and actions without computing the matrix exponential,
which is expensive, during training. We also provide examples of symmetries in common neural

networks.

6.3.1 Definitions

Let Param be the space of parameters and Z be the space of data. In this paper, we

consider loss functions of the form L: Param x & — R, which map parameters and a single data
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point to a real number. By abuse of notation, we allow L to simultaneously process multiple data
points. Specifically, we sometimes define L: Param x 2¢ — R for d € N data points.

In this chapter, we restrict the symmetry group G to be a linear group. That is, we assume
there is a faithful representation p: G — GL(n). The corresponding Lie algebra representation
dp: g — gl(n) is the differential of p, mapping elements of the Lie algebra g of G to the
Lie algebra gl(n) of GL(n). If G is a subgroup of GL(n), then p is the inclusion map, and
consequently, dp is the inclusion of g into gl(n).

The following theorem shows that the derivative of the loss function L with respect to
the parameters 6 vanishes in the directions generated by the symmetry group’s infinitesimal
transformations. In other words, the loss function is invariant to small changes along these

symmetric directions in parameter space.

Theorem 6.3.1 (Infinitesimal version of loss invariance). Let a: 29 — (G x Param — Param)
be a parameter space symmetry of a loss function L: Param x 2¢ — RY. Assume that L and ax
is differentiable at all X € 9. Let DgL|g x € Ré*dim(Param) 1,0 the derivative of L with respect
t0 0, and Dgax|r 9 € RAim(Param)<dimg po the derivative of ax (g, ) with respect to g. Then, for

all 6 € Param, X € 24, and h € g,

DgL|g x Dgax|1,9(h) =0. (6.1)

Proof sketch. Consider a smooth curve ¥(t) = ax(exp(ht),0) in Param, where h € g and ¢ €
R. Then, since L is invariant under a, L(y(t),X) = L(6,X),Vt € R. The result follows from

differentiating both sides with respect to ¢ at = 0 and applying the chain rule. [

Proof. Since a is a symmetry of L, we have
L(ax(g,0),X)=L(6,X), VgeG, VO ¢cParam, VX e 2%

Consider a smooth curve y(t) = ax(exp(ht),0) in Param, where h € g and r € R. Then,
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since L is invariant under a,

L(y(r).X) = L(8,X), VteR.

Differentiating both sides with respect to t att = 0, we get

d

—L(y(1),X)

=0.
dt

t=0

Applying the chain rule and noting that y(¢)|;—o = 6,

d _ dy(t)
.0 oo (2] ),
dy(t)

Now, compute —--~

7 using the chain rule:

dv(r) - © ax(exp(h), )

d
= Dgax|16 (E exp(ht)

)

Since exp is the exponential map from gl(n) to GL(n), and h € gl(n), we have

t=0

d
—exp(ht)

= h.
dt =0
Therefore,
dy(t)
— =D )
dr |,_, gaX|1,e( )

Putting it all together,

DgL|g x (Dgax|1(h)) =0.

]

Equation equation 6.1 states that the gradient of the loss function L with respect to the
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= a,(exp(ht), )

Figure 6.1. Illustration of an infinitesimal action Dgax | 1 ¢(h) and loss gradient DgL at a point 0
in the parameter space. The infinitesimal action is in the tangent space of the loss level set at 8.

parameters 6 is orthogonal to the directions in parameter space generated by the infinitesimal
action Deayx | 1.6 (h). This orthogonality implies that moving along these symmetric directions
does not change the loss to first order, reflecting the invariance of L under the group action.
Figure 6.1 illustrates relevant directions.

Similar to the infinitesimal formulation of loss invariance, we provide an infinitesimal
version of the associativity law for smooth group actions on parameter space. While Theorem
6.3.1 shows how local transformations in the Lie algebra preserve the value of the loss function,
associativity ensures that applying successive group transformations is consistent with their com-
position in the group. The theorem below shows how associativity manifests at the infinitesimal

level through the derivatives of the action map ay.

Theorem 6.3.2 (Infinitesimal version of associativity). Let G be a Lie group, and let a: 29 —
(G x Param — Param) be a smooth map that satisfies the associative law. Then, for all 6 €

Param, X € 29, and hy,h; € g,
Dgax |1,9 (DgaX |1,9(h1)) +Dgax |1,9(h2)
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:Dgax|179(h1+h2).

Proof. To capture infinitesimal behavior, we write g; = exp(th;) and g» = exp(thy), where
hi,hy € g, and t € R. We then take the derivative of both sides of the associativity axiom with
respect to t, att = 0.

For the left side:

d ) d d d
G (82.ax(1,0)) = 5 -ax(g2.ax(61,0) 5+ 5 ~ax(gax(s1,0)) 57

= Doax |179 (DgaX |1,9<h1)> +Dgax }1,9<h2)'

Following from the Baker-Campbell-Hausdorff formula in the first-order approximation, g>g; ~

exp(t(hy + hy)) for small 7. For the right side of the associativity axiom:

d
Eax(gzglﬁ) = Dgax\w(fn +hy).

Both sides are equal in the associativity axiom. Therefore, their derivatives are equal.

That is,

DQaX‘[,B (Dgax|179(h1)> +Dgax}l,6(h2) = DgaX{[’e(hl +h2).

O

Theorem 6.3.2 captures how the composition of two infinitesimal actions generated by
hi,hy € g translates to a single infinitesimal action generated by their sum. When the group
action is linear, Dgayx reduces to identity, and the infinitesimal action preserves the additive
structure of the Lie algebra. When the group action is not linear, Dgay introduces a correction

term that modifies how the infinitesimal actions combine.

130



6.3.2 Examples

Below are examples of parameter space symmetry and their infinitesimal formulations.
To facilitates calculation and interpretation, we express them in coordinate form. Assuming that

Param = R”, then for a single data point (d = 1), we can write equation 6.1 in coordinates as

( Dyax|, 6) hy = 0. (6.2)

QJ‘h

EE

Linear action of matrix groups

When Param = R” and G is a subgroup of GL(n) with a linear, data-independent sym-
metry a,(g,0) = g0 for all x € X, this coordinate form of loss invariance reduces to the equation

in Theorem 3.1 in [104]. With (D,a);x = % = 0;;6, Equation equation 6.2 becomes
J

n n

Z Z _ekhzk =
Our symmetry acts on parameters instead of data, but otherwise this matches Theorem 3.1 in
[104].
Homogeneous two-layer neural network

We consider a homogeneous two-layer neural network with scalar weights for simplicity.

Let parameter space Param = R? and data space X € R. Consider the loss function
L: Param x X — R, (wy,w;),x — wro(wx)

with a homogeneous activation function 6: R — R, i.e. o(ax) = a‘xforall @ € R.pand x € R,

for some ¢ > 0.

a 0
Let G = (R*,x), and p: G — GLy, o0 — . Then a: GL(2) x R? — R?,

0 a*
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p(g), —p(g) is a symmetry of L.

6.4 Building New Symmetry from Known Ones

One way to identify symmetries in a large network is by examining its components or
subnetworks. Despite often having billions of parameters, neural networks typically consist of
a limited set of function families, such as fully connected layers, attention mechanisms, and
activation functions. This modular view suggests a mechanism by which symmetries in networks
with fewer layers might extend to those in deeper networks. Additionally, within similar types of
networks, it may be possible to extrapolate symmetries found in narrower layers to wider ones.

By focusing on symmetries in small architectures and using them to infer symmetries in
larger ones, we circumvent the complexity associated with direct handling of high-dimensional
parameter spaces. This approach not only simplifies the discovery of symmetries in large-scale
networks but also provides a systematic method for using symmetries in smaller subnetworks
to understand those in more extensive architectures. The subnetwork perspective has appeared
in prevoius studies of the critical points in multilayer perceptrons [49, 128]. Proposition 6.4.1
generalizes this observation to subnetworks in arbitrary architectures and formalizes how to
obtain symmetries of large networks from the symmetries of small ones.

If a loss function L depends on a subset of the parameters solely through a subnetwork f,

then any symmetry of f will also preserve L:

Proposition 6.4.1. Let L: Param x 2¢ — R? where the parameter space Param is a product
space Param = Param| x Param,. Suppose for some spaces S and T, there exist functions
h: Param; x 29 = S, f: @, xS =T and j: (©) x T) x 2% — R, such that for every 6 =
(61,6:) € Paramand X € 2, L(0,X) = j((61,f(62,h(61,X))),X). Ifa: S — (G x Param, —
Paramy) is a G-symmetry of f, then there is an induced G-symmetry of L, a': 2 — (G x

Param — Param), defined by ay(g,(61,62)) = (61,a,(6, x)(g, 62))-
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Proof. We need to show that @’ satisfies the identity and associative law of a group action and
preserves L.

Since a is a group action on Paramy, it satisfies the identity axiom ay g, x) (1,6,) = 6.
Applying this in the definition of @', we get ay(I,(01,62)) = (61, a5, x)(I,62)) = (61,62).

Since a is a group action on Paramy, it satisfies the associative law ay(g, x) (g281,62) =
an(e, x)(82,an(e, x)(81,62)), for all g1, g2 € G. It follows that a’ also satisfies the associative law.
That is, ax (8281, (61,62)) = (61, au(e, x)(8281,02)) = (61, an(e, x)(82,an(e, x)(81,62))) =
ax(g2,dy(g1,(61,62))).

Finally, since a is a symmetry of f, we have f(apg, x)(8,62),1(01,X)) = f(62,h(61,X)),
forall g € G. It follows that @’ preserves the value of L: L(d (g, 0),X) = j((61, f (an(e, x) (8, 62),
h(61,X))),X) = j((61,f(62,h(61,X))),X) =L(6,X). O

The relationship between the functions in the proposition is described by the commutative
diagram below, where p;: ©® — ©1, pr: ©® — O, are projections onto @ and @,, id;: @; — O
and id> : ®, — @, are identity maps, and X € 2 represents a batch of data. Space S and 7' can
be interpreted as intermediate feature spaces in the neural network. When L can be decomposed
in this way, the function 4 does not depend on ®;, and the function j depends on ®, only through
the output of f. This effectively confines L’s dependency on ®, to the transformation defined by
f, ensuring that any transformation on ®; not altering the output of f will not affect the output
of L. Consequently, symmetries identified in the smaller network f can be extrapolated to the

larger network L.

L(-,X)
C] Rd
P1 X Pp2Xpi J(X)
id] X idz X /’l(~,X) id] X f(,)
0 X O, x O O xO, xS 0O, xT

We apply Proposition 6.4.1 to construct symmetries in larger networks from those in

smaller ones in the next two corollaries. Specifically, we show that some symmetries are
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preserved as networks scale up through increasing the dimensionality of a layer or adding

additional layers.

(a) (b) (c)
0, -
072 -4 @ 0.2 e
200 SO0 o—O
O\fs\\ 5N < 3 O O O
//\\< ‘/7:'//0 PASINSN 50 \\\"O O O
0L e O O

Figure 6.2. Examples of (a-b) when symmetries in subnetworks are symmetries in the original
network, and (c) when they are not.

The first corollary describes how symmetries identified in narrower networks also apply
to wider networks. A function o: R"* — R2*K is row-wise if, for any matrix A € Rk with
rows {a; € Rk}ff:l, the output matrix 6 (A) has rows { Gy (a;) € Rk}?zl, where 0, : RF — R¥
applies independently on each row of A. Element-wise functions are a special case of row-
wise functions. For fully connected networks with row-wise activation functions, identifying a
symmetry in one architecture suggests that the same symmetry will apply to wider versions of

that architecture.

Corollary 6.4.2. Consider a network parameter space Param(m,h,n) = R™" x R"" and
data space P(n,k) = Rk Let 6: Rk — Rk be a row-wise function. Consider a func-
tion Ly : Param(m, h,n) x 2 (n,k) — R™ K, defined as Ly ((U,V),X) =Uc(VX) for U €
Ry RP*1 and X € R™K. If there is a G-symmetry of Laynk, then there is a G-symmetry

of Lyyniyx with any h' > h.

The next corollary shows that symmetries of a subset of layers are also symmetries in the

entire network.

Corollary 6.4.3. Let Param = Param; X ... x Param; be a parameter space. Consider a list of
spaces Vo = 24, Vi = RY and Vi, ..., Vi_1. Let L: Param x 29 — R4 pe a function defined
recursively by {L,-}f:1 with L;i: ©; X Vi_y — V;, such that L = ¢; where ¢; = L;(6;,¢;—1) € V; and

0o = X. If for some 1 <i <[, L; has a G-symmetry, then L has a G-symmetry.
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Both corollaries can be proved by factoring the parameter space and defining correspond-
ing functions that compose to L, before applying Proposition 6.4.1. The explicit forms of A, f,
and j are deferred to Appendix D. Figure 6.2 (a-b) shows the subset of parameters (Param,) that
the symmetry applies to in the corollaries. These are the subnetworks where symmetries are
assumed to be known and which the larger network inherits. We also provide an example where
symmetries defined on a subset of parameters may not be symmetries of the larger network
(Figure 6.2 (c)). In this example, the output for the original networks requires information about
®; in addition to the output of the subnetwork ®, defines.

Note that this approach does not explore the emergence of new, more complex symmetries
that may arise as the neural network scale up in size. Notably, there are cases where there exists
a G symmetry over its input space, but group actions on individual layers are not loss-invariant
([84]). Nevertheless, studying smaller and simpler networks remains a effective strategy to obtain
a significant number of symmetries in larger networks, and is a first step in characterizing the
complete set of symmetries in modern architectures.

In addition to obtaining symmetries from those in smaller networks, we can also get
symmetries for a loss function over data batches with a certain size, if we know there is a
symmetry for this function over larger data batches. Concretely, if there exists a group action
that preserves loss for all data batches of size d € Z™, then that group action preserves loss for

all data batches of size d’ < d.

Proposition 6.4.4. Let L;: Param x 2% — R? be a function that is applied pointwise on each

of d data points in a data batch. If L; admits a G-symmetry, then Ly admits a G-symmetry for

alld < d.

Proof. Suppose that L; has a G-symmetry. Leta: 29 — (G x Param — Param), X, +— (ay, : g,
6 — ') be the corresponding group action. Define a’: 2¢ — (G x Param — Param) by
Xy — (a,(Xd,) : 8,0 — 0'), where 7: 24 — 94 appends d — d’ random data points to its input.

Clearly, ' satisfies the identity and associate axiom and preserves loss. Therefore, @’ is a
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G-symmetry of L. [l

6.5 Automatic Discovery of Parameter Space Symmetry

Using the infinitesimal symmetry derived in the previous section, we construct an auto-
mated framework for discovering parameter space symmetries. Formulating symmetries in the
infinitesimal form makes them easier to learn using an automatic framework, as it defines a set of
local conditions for a function to be a symmetry. We then use this framework to find symmetries
in several common architectures, and demonstrate the feasibility of finding symmetries in larger

neural networks by examining their subnetworks.

6.5.1 Enforcing Loss Invariance and Group Axioms

Given a function L, our goal is to find a symmetry a and a set of Lie algebra elements
h corresponding to a symmetry group of L. We parameterize a using a neural network with
learnable parameters, and set / to be learnable as well. We define the following loss terms that

quantify the deviation from loss invariance and the group axioms (identity and associativity law):

Linvariance = Ex.0|/DoL|g x 0 Dgax|r,e(h)|

Zia =Expllax(1,0) — 0]
D%assoc = DeaXb’g (DgaX|I,9(hl))

+ Dgax ‘1,9 (h2) — Dyax ‘1,9 (h1 +h2)

The three loss terms bias the action towards being loss-invariant, preserving identity,
and satisfying the associativity property. By minimizing % je_deriv, W€ ensure that the learned
symmetry a and the Lie algebra element /4 satisfy the infinitesimal symmetry condition (Theorem
6.3.1). Minimizing %4 enforces the identity axiom, ensuring that the action of the identity
element leaves the parameters unchanged. Minimizing -%,s0c enforces the associative axiom

(derivation in Appendix D).
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By focusing on the Lie algebras, we enforce the loss invariance and group structure at

the infinitesimal level. This formulation allows us to avoid computing exponential maps.

6.5.2 Regularizations

To prevent the learned group action from becoming trivial, we encourage the infinitesimal
action to be nonzero. On the other hand, we do not want it to grow infinitely large for training
stability. Therefore, in implementation, we include the following regularization term to encourage

the norm of the infinitesimal action to be around a fixed positive real number f3:
D%egjd - IzlihnEe ‘B - HDgax|I,9(h) H |

When learning multiple generators simultaneously, we want them to be orthogonal. Following
[152], we do this by including the following cosine similarity between each pair of the k

generators in the loss function:

hi-h;

% = (1Al
reg_h_orth Z ([ Ai | 2]

1<i<j<k

Finally, we encourage sparsity of /4 for easier interpretation, with the regularization term

Zeg,h,sparse = Z |hk j | .
k,j

The final training objective is a weighted average of symmetry loss and regularizations,

with hyperparameters ¥1,...,% € RT:

rilian('}’lﬁnvariance +1»Lid+ V3Lassoc + '}’4$egjd

+ '}/chregil,orth + '}/6-=Zeg,h,sparse>- (6-3)
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6.5.3 Learned Data-Independent Symmetries

We first validate that our method can learn generators for known data-independent
symmetries in neural networks. We consider two-layer networks in the form of L(W;,W,,X,Y) =
[Wao (W1 X) —Y ||?, where W, € R Wi € R"™" are parameters, X € R, Y € R™** are data,
and o is a homogeneous activation function.

During training, we train the generators /# and the group action a under objective equa-
tion 6.3. We parametrize a using a 4-layer MLP with hidden dimensions 128, 128, 128. The
group aciton a takes a group element, parameter, and data as input and outputs transformed pa-
rameters. We use 2000 training samples, each containing a randomly generated set of parameters
and data. We set the learning rate as 10~ and the weights for the multi-objective loss as ¥ = 10,
=n=%=1ady%=0.1

As a proof of concept, we train for a group action and a single generator 1 € R>*? for
the two-layer architecture with m = h =n =k = 1 and o being the identity function. Figure
6.3(a) presents the learned generator % as a 2 X 2 matrix, which matches the expected generator
that generates the rescaling group. Figure 6.3(b) visualizes a group element generated by 4,

corresponding to a rescaling group element.

I2
l.

-0
-1

l -2
S |

(a) Generator . (b) Group element exp(h).

Figure 6.3. Learned generator for a two-layer linear MLP with scalar parameters and data, and a
group element obtained via the exponential map.

Note that, however, we do not impose constraints on the group action (in particular,

not enforcing linear actions). Hence we do not expect the learned generators to look similar
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Figure 6.4. Learned data-dependent symmetries in a two-layer sigmoid MLP with parameters
dimensions W> € R¥*! W, € R3*3 and data X € R1*3,¥ € R!*!, Top: learned generators.
Bottom: group elements obtained via the exponential map.

to the elements of the Lie algebra infinitesimal generators of the symmetry group in general.

For example, the action a can be a composition of two function, the first transforming learned

generators to the set of actual generators, and the second performing the group action.
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Figure 6.5. Learned data-dependent symmetries in a three-layer tanh MLP with parameters
dimensions W; € R**2 W, € R>*%2 W3 € R?>*! and data X € R!*2 Y € R!*!. Top: learned
generators. Bottom: group elements obtained via the exponential map.

6.5.4 Learned Data-Dependent Symmetries

As a more practical application of our framework, we attempt to uncover data-dependent
symmetries from architectures where no continuous symmetry is known before. We apply our
framework to learn generators and loss-invariant group actions for two-layer neural network
with sigmoid and tanh activation function, as well as a three-layer neural network with skip

connection.
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Specifically, we aim to learn symmetries in the two-layer networks defined in the previous
section, but replacing o by sigmoid or tanh. Our objective is again to find a set of generators
h and a group action a that minimizes equation 6.3. We use 10000 training samples, each
containing a randomly generated set of parameters and data. We set the learning rate as 1073
and the weights for the multi-objective lossas 1 =1, » =14 =10, 5 =1, and % = 0.1.

Figure 6.4 shows the learned generators for data-dependent symmetries in a two-layer
sigmoid MLP with parameters dimensions W; € R33, W, € R3*! and data X € R3*! |y ¢ R!*!.
Sigmoid networks have no data-independent continuous symmetry, and we observed that the
derivative of the learned group action with respect to data is indeed nonzero. Therefore, this set
of symmetries are data-dependent, indicating that our method successfully learns data-dependent
symmetries for this architecture.

Figure 6.5 shows the learned generators for data-dependent symmetries in a three-
layer tanh MLP with parameters dimensions W; € R?*2, W, € R>*?, W3 € R?*! and data X €
R!*2 Yy € R'*!. The generators indicate the existence of symmetries that act on non-contiguous
layers, which has not been discussed in previous literature. These discoveries may motivate
future mathematical work on the structure of neural network symmetry groups.

Although the loss invariance is only enforced locally during learning, the learned gen-
erators approximately preserves loss over the group actions using group elements from these
generators. To verify loss invariance, we plot the loss on curves generated from the learned
symmetries (Figure 6.6). Specifically, we compute the loss value on curves y(¢) = ax (exp(ht), )
in Param, where £ is a learned Lie algebra element and ay is the learned group action. Compared
to the loss on curves generated by random Lie algebra elements, the loss variation along curves

generated by the learned symmetries is consistently lower.

6.5.5 Symmetry in Transformers
We study a minimal transformer fg: REXT*4 — RBXT*d with batch size B = 8, sequence

length T = 2, and model dimension d = 2. The model consists of a single self-attention block
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Figure 6.6. Loss on curves generated by learned symmetries vs. loss on random curves in the
parameter space.
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Figure 6.7. Learned data-dependent symmetries in a tiny transformer. Top: learned generators.
Bottom: group elements obtained via the exponential map.

with one attention head and a position-wise feedforward network of hidden dimension dg = 4.

Given input X € RE*T*d_selfattention is computed as

-
Attn(X) = softmax (%) V,

where Q = XWp,K = XWg,V = XWy, and Wy, Wk, Wy € R4 followed by a residual connec-

tion and feedforward map

fo(X) =FFN(X + Attn(X)), FFN(Z) = ZW>2W,,
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with W; € R?*4i and W, € R%<4_ The full parameter vector is 6 = {Wo, Wk, Wy, Wi, W>} € RP
with p = 32. For each training step, parameters 0 are freshly initialized, and data tensors
X,Y € RBXT*4 gre sampled i.i.d. from a standard normal distribution. We learn a data-dependent
parameter-space group action and n;, = 8 generators using an action MLP with three hidden
layers of width 128, trained for 2000 steps with Adam at learning rate 1072.

Figure 6.7 visualizes the learned generators /; and their corresponding group elements
exp(h;), shown as heatmaps over the flattened parameter space of the transformer. The learned
generators exhibit structured, nontrivial coupling patterns across parameters that are not explained
by known data-independent symmetries of transformer architectures. This suggests the presence
of previously unexplored data-dependent symmetries in transformer models, which our method
is able to uncover. Figure 6.7 shows the generators and symmetry group elements found. These
symmetries do not correspond to known ones in transformers and suggest that there exists novel

data-dependent symmetries to exploit.

6.6 Discussion

In this work, we introduce a framework for formalizing and discovering parameter
space symmetries in neural networks. By deriving infinitesimal forms of these symmetries, we
enable automated identification of loss-invariant transformations, including previously unknown
ones. Additionally, we generalizes symmetries from smaller subnetworks to larger architectures,
reducing computational complexity while improving scalability. These findings provide a
foundational step toward a deeper understanding of data-dependent parameter space symmetries,
uncovering new structural insights that could reshape how we analyze and optimize neural
networks.

While our results suggest that there are previously unknown data-dependent symmetries
in various neural network architectures, the existence and number of symmetries in neural

network parameter spaces remain open questions. Whether the number of symmetries is affected
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by existence of symmetry in data or changes during training are also interesting directions. Future
work will examine the structure of learned symmetry, such as the dimension of Lie algebras.
The discovered symmetries could be useful in downstream applications such as weight
space learning. When the parameters of a neural network are used as input to make predictions,
parameter space symmetry of the input network becomes the data space symmetry of processing
network. Architectures that can respect the symmetries in the input networks has proven to be
able to process neural network weights effectively [156, 93, 74, 137]. Leveraging the learned
symmetries via equivariant architectures [45] or frame averaging [117] can potentially improve

current approaches that are limited to known symmetries.
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Chapter 7

Discussion and Future Directions

Symmetry is prevalent in neural network parameter spaces and appears in many areas
of machine learning, though often overlooked. Recognizing and formalizing these symmetries
connects deep learning to well-established mathematical tools from group theory and geometry.
Symmetry’s intrinsic connection to structure improves our understanding of how neural networks
work and hints at better architectures, faster optimization techniques, and new approaches to
solving problems with real-world impact.

Symmetry is, of course, not the only path forward in the study of neural networks. Like
modeling training dynamics using classical mechanics or designing new neural networks with
inspirations from neuroscience, it is an example of approaching problems in machine learning
from the view of a pre-existing subject, allowing us to bring existing tool and insight to bear on
the problem. What makes a mathematical approach especially appealing is that neural networks
are fully artificial, abstract objects, unconstrained by the specific laws of physics or biology. By
examining parameter space symmetry, we gain access to powerful mathematical frameworks
that help us better understand these systems and ultimately design more effective models.

In this section, we outline key research directions towards a more complete theoretical
foundation of parameter space symmetry, better understanding of the role of symmetry in deep

learning theory, and broader applicability of symmetry-informed methods.

144



7.1 Mathematical Foundations

A fundamental challenge in understanding parameter space symmetry is to develop a
complete and rigorous characterization of all symmetries that preserve neural-network functions.
From a mathematical perspective, clarifying the existence, completeness, and structures of these
symmetry groups represents a foundational problem. Even seemingly simple network architec-
tures can have nontrivial symmetry groups, and identifying them is essential for understanding
loss landscapes and optimization dynamics.

Another challenge is extending the notion of symmetry from exact, function-preserving
transformations to more flexible, data-dependent symmetries. In many neural networks with
elementwise activation functions, all transformations that do not change the function are known.
However, this set of symmetry is often small, as they are required to keep the loss invariant
for all input values. Data-dependent symmetry allows for larger symmetry groups, but current
analysis is limited to symmetry that preserves the loss for a single data point. Investigating the
existence and structure of data-dependent symmetry for different batch sizes will to make this
set of symmetry more relevant to practical settings.

Thus far, most work has focused on layer-wise equivariances arising from adjacent
activations, potentially overlooking more global invariances. Existing studies examine small
components—pairs of layers whose activations admit a group action—but this does not preclude
broader classes of symmetry that act across multiple, non-adjacent layers or repeated architectural
blocks. Exploring such symmetries could substantially expand the known symmetry groups and
reveal new geometric or topological structures in parameter space.

Besides pursuing a general theory, detailed investigations into architecture-specific sym-
metries are also valuable. Models such as neural radiance fields [100], which are computationally
expensive to optimize, might benefit greatly from symmetry-informed optimization methods.
Discovering and characterizing symmetries particular to these architectures would provide con-

crete opportunities to accelerate training and enhance scalability, thereby translating theoretical
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advances into immediate practical improvements.

Finally, numerical and visualization tools can help guide theoretical characterization of
parameter space symmetries. Methods for numerically constructing and visualizing functionally
equivalent parameters, such as those developed by [91], provide practical insight into the
connectedness, dimensionality, and topological complexity of symmetry-induced loss level
sets. Numerical discovery of symmetries [158] and symmetry-induced structures [97] in the
parameter space may also provide intuitions on the existence and number of symmetries in a
given architecture. These computational approaches can be important in guiding theoretical

efforts in large-scale architectures.

7.2 Deep Learning Theory

Parameter space symmetry is not merely a mathematical curiosity—it offers a lens to
understand core phenomena in deep learning theory. As neural networks scale in size and
complexity, symmetry provides a principled foundation for analyzing learning dynamics, the
geometry of loss landscapes, and model capacity. Symmetry considerations are thus increasingly
central in explaining how overparameterized networks behave, generalize, and learn in practice.

Training dynamics and implicit bias. One promising direction is to study learning
dynamics through the lens of symmetry and conserved quantities. As we have seen in Section 2,
continuous symmetries induce conserved quantities that remain fixed along gradient flows and
partially parameterize the minimum. These quantities label the optimizer’s position and reveal
how initialization and symmetry constrain the final solution, formalizing implicit bias. However,
the precise relationship between conserved quantities, implicit bias, and generalization remains
poorly understood—especially in deeper architectures or when SGD breaks these symmetries
due to finite-step updates. Understanding how stochasticity or regularization cause the drift of
these conserved quantities will be an alternative route to explain phenomena in training neural

networks, such as why stochastic gradient descent prefers minima that generalize.
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Loss landscape geometry and generalization. Symmetry is an integral part of the
geometry of the loss landscape, which is closely linked to generalization. By expanding minima
into manifolds of equivalent solutions, symmetries create flat directions that confound curvature-
based metrics such as sharpness. Recent work by [32] addresses this issue by formulating
sharpness on a Riemannian quotient manifold that factors out the continuous symmetry of
transformers, recovering a strong correlation between curvature and generalization. Developing
such symmetry-aware geometric formalisms may help reconcile conflicting observations about
the relationship between flatness and generalization.

Expressivity and approximation theory. Symmetry has direct implications for the
expressivity and effective capacity of neural networks. Since many parameter configurations can
represent the same function (e.g., due to permutation symmetry in multilayer perceptrons), the
function class is smaller than suggested by raw parameter counts. Recent work by [126] quan-
tifies this, showing that factoring out symmetry leads to significantly tighter covering number
bounds—improving estimates by factorial factors in width. These results suggest that traditional
complexity measures overestimate model capacity by ignoring symmetric redundancies. Ex-
tending such analyses to broader symmetry groups (beyond permutations) could yield sharper
generalization bounds by treating symmetry-related parameters as equivalent in the function
space.

Introducing or removing parameter symmetries? Architectural design offers a
means to either introduce or eliminate symmetries, which provides the opportunity to examine
symmetry’s effect on various aspect of deep learning. On one hand, imposing symmetry
can enhance training stability and invariance. For example, [92] introduce a scale-invariant
transformer, replacing Softmax with a normalized ReL.U to create a model trainable by plain
SGD yet competitive with Adam-trained BERT variants. On the other hand, removing symmetry
reduces degeneracies, creates more connected minima, and sometimes makes optimization
easier. [94] propose architectures that break permutation symmetry between neurons, enabling

linear mode connectivity and improving Bayesian training efficiency. Additionally, [170] show
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that removing symmetries via small perturbations can prevent capacity collapse and improve
both optimization and generalization by encouraging exploration of more expressive model
configurations. An important open question is determining which symmetries to preserve and
which to break, in order to best align model behavior with the goals of a given learning task.
Taken together, these directions position symmetry not only as a descriptive tool for
neural networks, but as a foundational principle for understanding learning dynamics, designing

architectures, and guiding future theory in deep learning.

7.3 Applications

Optimization on loss level sets. One practical use of symmetry is to facilitate movement
along loss level sets in the parameter space. Points on a fiber of the realization map can have very
different neighborhoods [58]. In other words, points on the same level set can be different. Early
work illustrates the usefulness of this property in optimization [11]. Despite initial promise, these
methods have not been wide adapted, possibly due to a lack of large-scale benchmark study and
an easy to use implementation, as well as the mathematical background required to adapt these
algorithms to new architectures. New implementation techniques [102, 148] and learning the
teleportation destination [161, 154] might help reduce the cost of teleportation in larger scale
applications.

Besides scaling up teleportation, another promising direction is to explore level sets via
symmetry transformation in diverse domains. When some parts of the minima are better than
others, one can use symmetry to explore the minima to find the better models. One example is
continual learning, where one optimize in the minimum manifold [42] and could be a method
for fine-tuning pre-trained models. Another example is model alignment, where symmetry is
used to move models closer in the parameter space to improve model fusion [3, 155]. Recent
work also demonstrates that parameter space symmetries can be leveraged to align sparse

subnetworks across different random initializations, enabling effective sparse training from
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scratch [2]. Moreover, some minima may produce lower error during quantization than others
[98, 105, 86]. Given a known symmetry and a point on minimum, we can search for these better
points on an orbit.

Reducing search space in sampling. Symmetry can be exploited beyond standard
gradient-based training, for instance in Bayesian methods and sampling-based optimization
[144]. The parameter space explored by sampling algorithms (such as MCMC for neural network
weights) may also contain redundancies coming from symmetry, though this aspect remains
less studied. Factoring out symmetries in such scenarios could reduce the effective search space
and improve sampling efficiency. For example, if parameters related by a continuous symmetry
produce the same likelihood, one could constrain the sampler to move only in the reduced space
of unique configurations, thereby eliminating needless exploration of equivalent states. This idea
can also be used as a diagnostic: known symmetries provide a consistency check for the quality
of sampling (the sampler should visit all members of a symmetry orbit with equal probability).
Discrete symmetry has been explored in depth [144, 88, 150], but factoring out continuous
symmetry might be more appealing, since it reduces the dimension, instead of just volume, of

the posterior space.
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Appendix A

Supplementary Material for Chapter 2

A.1 Relation to Noether’s theorem

We will now show how the approach in [134] relates to our conservation law dQ/dt =
(6,M0) = 0. Assuming a small time-step T < 1, we can write GD as 0(t +7) — 0(t) =
—&VL(0(t)). Expanding the 1.h.s to second order in 7 and discarding O(7?) terms defines the

2nd order GF equation

de td*6

2nd ord F: —+——— = —¢VL. A.l
nd order G dt+2dt2 £ (A.1)

Here € = €/7. To use Noether’s theorem, the dynamics (i.e. GF) must be a variational (Euler-
Lagrange (EL)) equation derived from an “action” S(0) (objective function), which for equa-

tion A.1 is the time integral of Bregman Lagrangian [143] L

S(8) = /dtL(O(t),G(t);t) _ /ydtet/f E (6.676)-L(6)] (A2)

where 0 : R — Param is a trajectory (flow path) in Param, parametrized by ¢. The variational

EL equations find the paths ¥* which minimize the action, meaning dSy/d7|, = 0.
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Noether’s theorem
states that if M € g is a symmetry of the action S(0) equation A.2 (not just the loss L(8)),

then the Noether current Jj; is conserved

— JL _ .
Noether current:  Jy = <M9, £> — /7 (Mg, e'0) = ¢ Jou,

. dJM 1 d.]()M
C tion: —2 =/ | Joy 4 —2
onservation dr e |:T oM dr

] =0, = Jou(t)=Joue " (A3)
[134] also derived the Noether current equation A.3, but concludes that because L(0,0) # L(0),
the symmetries are “broken” and therefore doesn’t derive conserved charges for the types of
symmetries we discussed above. However, while [134] focuses on 2nd order GF, we note that
our conserved Q were derived for first order GF, which is found from the 7 — 0 limit of 2nd
oder GF. In this limit L — ¢//L and thus symmetries of L also becomes symmetries of L. When
7 — 0, 2nd order GF reduces to £ !0 = —VL the conserved charge goes to

lim Joyr = (Mg, VL) = Jou (0) lim e~/ = 0, (A.4)

7—0 7—0

which means that we recover the invariance under infinitesimal action equation 2.6. In fact, for

linear symmetries and symmetric M € g, Jops = dQypy/dt = 0.

A.2 Neural networks: linear group actions

In this appendix, we provide an extended discussion of the topics of Section 2.3, including
full proofs of all results. Specifically, after some technical background material on Jacobians
and differentials, we specify our conventions for neural network parameter space symmetries. In
contrast to the discussion of the main text, we (1) assume that neural networks have biases, and
(2) focus on the multi-layer case rather than just the two-layer case. We then turn our attention to
group actions of the parameter space that leave the loss invariant, and the resulting infinitesimal

symmetries. The groups we consider are all subgroups of a large group of change-of-basis
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transformations of the hidden feature spaces; we call this group the ‘hidden symmetry group’.
We also compute the dimensions of generic extended flat minima in various relevant examples.

Finally, we explore consequences of invariant group actions for conserved quantities.

A.2.1 Jacobians and differentials

In this section, we summarize background material on Jacobians and differentials. We
adopt notation and conventions from differential geometry. Let U C R” be an open subset of
Euclidean space R”, and let F' : U — R™ be a differentiable function. Let Fy,...,F, : U — R
be the components of F, so that F(u) = (Fy(u),...,Fy(u)). The Jacobian of F, also know as

differential of F, at u € U 1is the following matrix of partial derivatives evaluated at u:

JF JF ... 9F
axl u 3X2 u Oy, lu
oF, oF, ) )
dF, = 8XI u BXZ u Oy lu
OFn| 9| ... O
| 8X1 u 9x2 u Oy, lul

The differential dF, defines a linear map from R” to R™, that is, an element of R”*". Observe
that if F itself is linear, then, as matrices, dF;, = F for all points u € U. If G : R™ — R? is another

differentiable map, then the chain rule implies that, for all u € R", we have:
d(GOF)M = dGF(u) OdFu.

In the special case the m = 1, the differential is a 1 x n row vector, and the gradient V,F of F at

u € R" is defined as the transpose of the Jacobian dF,:

" (or
u N 8x,-

oxilu " Oxy

VvF = (dFu)T — |:3F IF

n
) cR"
u/ i=1
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A.2.2 Neural network parameter spaces

Consider a neural network with L layers, input dimension ng = n, output dimension
nr, = m, and hidden dimensions given by ny,...,ny_1. For convenience, we group the dimensions

into a tuple n = (ng,ny,...,n). The parameter space is given by:

Param(n) = R™ X1 5 RUATFAL-2 5o RMZM S RMX0 R X R x -+ x R

We write an element therein as a pair @ = (W, b) of tuples W= (Wy,,...,W;)and b= (b,...,by),
so that W; is a n; X n; | matrix and b; is a vector in R" fori =1,...,L. When n is clear from
context, we write simply Param for the parameter space. Fix a piecewise differentiable function
o;: R" — R" foreach i = 1,..., L. The activations can be pointwise (as is conventionally the

case), but are not necessarily so. The feedforward function

F:FeiRn%Rm

corresponding to parameters @ = (W b) € Param with activations o; is defined in the usual
recursive way. To be explicit, we define the partial feedforward function Fg ; = F; : R" — R™
to be the map taking x € R”" to c;(W;Fi—(x) + b;), fori = 1,...,L, with Fy = idg. Then the

feedforward function is F = F;. The “loss function” L of our model is defined as:

L : Param x Data — R, L(0,(x,y)) = Cost(y, Fg(x)). (A.S5)

where Data = R x R" is the space of data (i.e., possible training data pairs), and Cost :
R"™ x R" — R is a differentiable cost function, such as mean square error or cross-entropy. Many,
if not most, of our results involve properties of the loss function L that hold for any training data.
Hence, unless specified otherwise, we take a fixed batch of training data {(x,-,y,-)}i.‘:l C Data,

and consider the loss to be a function of the parameters only.
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The above constructions generalize to multiple samples. Specifically, instead of x € R0
and y € R™, one has matrices X € R™*k and Y € R"*k whose columns are the k samples.
Additionally, one uses the Frobenius norm of n;, X k matrices to compute the loss function. The
i-th partial feedforward function is Fp ; R™0xk _ R%*k and we have the feedforward function
Fy: Rroxk _y Ruzxk (We use the same notation as in the case k = 1; the number of samples will

be understood from context.)

Example A.2.1. Consider the case L =2 with no biases and no output activation. The dimension
vector is (ng,ny,ny) = (n,h,m), so the parameter space is Param(n,h,m) = R x Rm™<h,
Taking the mean square error cost function, the loss function for data (X,Y) € RV x Rm<k

takes the form L(0,(X,Y)) = 1Y —Uo(VX)|? where @ = (Wo,W;) = (U,V) € Param.

A.2.3 Action of continuous groups and infinitesimal symmetries

Let G be a group. An action of G on the parameter space Param is a function - :
G x Param — Param, written as g - 0, that satisfies the unit and multiplication axioms of the
group, meaning /- @ = 6 where [ is the identity of G, and g;-(g2-0) = (g1g2) - 0 for all
21,82 € G. Recall that we say an action G X Param — Param is a symmetry of Param with

respect to L if it leaves the loss function invariant, that is:

L(g-0)=L(0), V0 € Param, g€G (A.6)

The groups within the scope of this paper are all matrix Lie groups, which are topologically
closed subgroups G C GL,(R) of the general linear group of invertible n X n real matrices. Any
smooth action of such a group induces an action of the infinitesimal generators of the group,
i.e., elements of its Lie algebra. Concretely, let g = Lie(G) = T;G be the Lie algebra, which can
be thought of as a certain subspace of matrices in gl, = R"*", or (equivalently) as the tangent

space!. at the identity I of G. For every matrix M € g, we have an exponential map exp,, : R — G

"Hence, elements of the Lie algebra are ‘velocities at the identity of G. More precisely, for every Lie algebra
element &, there is a path Ye (—€,€) — G whose value at 0 is the identity of G and whose derivative (i.e., velocity)
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k
defined as expy, () = Y1 % Given an action of G on Param, the infinitesimal action of

M € g is a vector field M:

— d
Infinitesimal action of M vector field: Mg := 7 (expy(1)-0), V0 € Param. (A.7)
t—0

Hence, the value of the vector field M at the parameter value @ is given by the derivative at zero
of the function ¢ — (exp,,(7) - @). In the case of a parameter space symmetry, the invariance
of L translates into the orthogonality condition in Proposition 2.3.9, where the inner product

(,) : Param x Param — R is calculated by contracting all indices, e.g. (A,B) = ¥k Aijk.. Bijk....

Proof of Proposition 2.3.9. The gradient is the transpose of the Jacobian (see Section A.2.1), so

the left-hand-side becomes dLg (% ‘0 (expy(¢) - 0)). We compute:

(exou(0)-6)) = 5

L(expy(t)-0) = —| L(0) =0

d
dLg | —
e(dto 0 dr |,

where the first equality follows by the chain rule, the second equality uses the invariance of L,

and the third equality follows since L(0) does not depend on 7. O

Next, we comment on the case of a linear action. Observe that the parameter space is a
vector space of dimension d = dim(Param) = X{f:l ni(1+n;_1). Hence, there is an isomorphism
Param ~ R? which flattens any tuple @ = (W,b) into a vector in R¢. We can identify the group
GL(Param) of all invertible linear transformations of the parameter space with the group GL;(RR)
of invertible d x d matrices, and the Lie algebra of GL(Param) with gl; = R?*“. Suppose G
acts linearly on the parameter space. Then we can identify> G with a subgroup of GL(Param),
acting on Param with matrix multiplication. Similarly, we can identify the Lie algebra g of G
with a Lie subalgebra of gl; = RY*?. In this case, the infinitesimal action is given by matrix

multiplication: Mg = M - 8. We recover Equation equation 2.6.

at zero is &.
Modding out by the kernel, if necessary.
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A.2.4 The hidden symmetry group

Consider a neural network with L layers and dimensions n. The hidden symmetry group

corresponding to dimensions n is defined as the following product of general linear groups:

GL jhidden = GL,; X --- X GL

nr—1

An element is a tuple of invertible matrices g = (g1,...,8.—1), Where g; € GL,,. Consider the

action of the hidden symmetry group on the parameter space given by
GL pasen ¢ Param(n) g-(W,b) = (eWigi '\, , &ibi); - (A.8)

where gy = id,, and g; = id,, . This action amounts to changing the basis at each hidden feature

space. The Lie algebra of GL hiadgen 1S
glypiasen = gy, X - x gl
and the infinitesimal action of the tuple M € gl niaen 1S given by:
glphidten O Param(n) M- (W.b) — (MiW; —WiM;_ , Mib))"-_,

where we set M and M} to be the zero matrices.

Example A.2.2. In the case L = 2, with dimension vector n = (n,h,m) and no biases. The
hidden symmetry group is GLj, with Lie algebra gl,,. The action of the group and the infinitesimal

action of the Lie algebra are given by:
GLj, © Param(n, h,m) = R 5 R g-(V\U)=(gV,Ug™")

al, O Param(n, h,m) = R R™*) M-(V,U)=(MV,-UM)
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A.2.5 Linear symmetries

Consider a feedforward fully-connected neural network with widths n = (ny, ...,nz), so
that the parameters space consists of tuples of weights and biases 8 = (W; € R"*"-1 p; € ]R"f)iL:l.
For each hidden layer 0 < i < L, let G; be a subgroup of GL,,, and let ; : G; — GL,,(R) be

a representation (in many cases, we take m;(g) = g). Hence the product G = G| X Gy is a

subgroup of the hidden symmetry group GL,niasen. Define an action of G on Param via
g =(g1,...,8L) €G, g-Wi=giWimi_1(g;") g-bi = gibi (A9)

where go and g; are the identity matrices id,, and id,, , respectively. This is a version of the
action defined in equation A.8, with the addition of the twists resulting from the representations
TT;.

We now consider the resulting infinitesimal action. For each i, the representation 7;
induces a Lie algebra representation d(7;) : g; — gl,,,. The infinitesimal action of the Lie algebra

g =91 X --- x g induced by A.9 is given by:
VM = (My,....M)€g, M-W;=MW,—Wd(m_1)(M;—1) M-bj=Myb; (A.10)
The proof of the first part of the following Proposition proceeds by induction, where the key

computation is that of from equation 2.4. The second part relies on equation 2.6.

Proposition A.2.3. Suppose that, for each i = 1,... L, the activation o; intertwines the two

actions of Gy, that is, 6;(gizi) = m;(gi)0(z;) for all g; € Gj, z; € R"™. Then:

1. (Combined equivariance of activations) The action of G = G X --- X G, defined in A.9 is

a symmetry of the parameter space.

2. (Infinitesimal equivariant action) The action of g = g1 X - -- X g, defined in A.10 satisfies

(VoL,M -0) for all @ € Param and all M € g.
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Proof. Letg= (g,-)iL:_l1 € G, so that g; € G; C GL,;,. As usual, set gy = id,, and g = id,, . Also
set My and 77, to be the identity maps on GL,,, and GL,,, respectively. Fix parameters 6 and
an input value x € R". We show by induction that the following relation between the partial

feedforward functions holds:

Fy9.(x) = mi(g:i)(Fo,i(x))

fori=0,...,L. The base step is trivial. For the induction step, we use the recursive definition of

the partial feedforward functions:

Fagi(x) = Gi(givviﬂi—l(g;11>Fg-9,i—l(x) +gibi)

= 0i(gi(Wimi—1 (g )mio1(gi—1) Fo.i1(x) + b;)

= 7;(8i)0i(WiFg i—1(x) + b;) = m(gi)Fo i(x)

Hence 0 and g - 0 define the same feedforward function. Since the loss function depends on the
parameters only through the feedforward function, the first claim follows. The second claim is a

consequence of Proposition 2.3.9. [l

Note that two-layer case of the above result amounts to equation 2.4 (the argument can
be simplified in that case). While Proposition A.2.3 is stated for feedforward networks, it can
easily be adopted to more general settings, such as networks with skip connections and quiver
neural networks. Denoting the Jacobian of o; : R" — R" at z € R" by d(0;), € R"*", the

infinitesimal form of version of 0;(gz) = m;(g)0i(z) is
(d(0i);,Mz) = dmi(M)0o;(z) VM € gl,, (A.11)

When the activation is pointwise, we have Mz ® o/ (z) = d(m);(M)0;(z), where ©® denotes
elementwise multiplication. We now illustrate Proposition A.2.3 through examples in the

two-layer case with input dimension 7, hidden dimension 4, hidden activation ¢, and output
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dimension m.

Example A.2.4 (Linear networks). For linear networks, we have 6(x) = x. One can take

n(g) = g and G = GL,(R).

Example A.2.5 (Homogeneous activations). Suppose the activation ¢ : R" — R" is homogeneous,
so that (1) o is applied pointwise in the standard basis, and (2) t there exists & > 0 such that
o(cz) = c%o(z) for all ¢ € R and z € R". These & are equivariant under the positive scaling
group G C GLy, consisting of diagonal matrices with positive diagonal entries. For g € G, we
have g = diag(c) is a diagonal matrix with ¢ = (cy,...,c;) € R . Forz=(z1,...,z;) €R", we
have 6(gz) =Y j0(cjz;) =L jci0(z;) = §%0(z). Hence, the equivariance condition holds with
n(g) = g% Since dn(M) = aM for any element M of the Lie algebra g of G, the infinitesimal

version of rescaling invariance of homogeneous & becomes Mz® ¢'(z) = aMo ().

Example A.2.6 (LeakyReLLU). This is a special case of homoegeneous activation, defined as
0(z) = max(z,0) —smin(z,0), with s € R~o. We have oo = 1, and t(g) = g. Since 6(z) = z6'(2),

infinitesimal equivariance becomes Mz ® 6'(z) = Mo (z).

Example A.2.7 (Radial rescaling activations). A less trivial example of continuous symmetries
is the case of a radial rescaling activation [51] where for z € R"\ {0}, o(z) = f(||z|)z for
some function f : R — R. Radial rescaling activations are equivariant under rotations of the
input: for any orthogonal transformation g € O(h) (that is, g' g = I) we have 6(gz) = go(2)
for all z € R". Indeed, 6(gz) = f(||gzl|)(gz) = g(f(||z]|)z) = go(z), where we use the fact that

ezl = ' g gz = 'z = ||z|| for g € O(h). Hence, equation 2.4 is satisfied with mt(g) = g.
A.2.6 Linear symmetries lead to extended, flat minima

In this section, we show that, in the case of a linear group action, applying the action
of any element of the group to a local minimum yields another local minimum. This fact is a
corollary of a more general result; in order to describe it and remove ambiguity, we include the

following clarifications. Let G be a matrix Lie group acting as a linear symmetry. Fix a basis
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(61,...,0,) of the parameter space. The gradient VgL of the loss L at a point 8 € Param in the
parameter space as another vector in Param ~ R?, whose i-th coordinate is the partial derivative
g—é ‘ o- Hence, it makes sense to apply the group action to the gradient: g-VgL. We regard vectors
in Param ~ R? as column vectors with d rows. Thus, the transpose of any vector is a row vector
with d columns. In the case of the gradient, its transpose at @ matches the Jacobian dLg € R!*¢
of L (see Appendix A.2.1), that is: dLg = (VgL)T. Alternative notation for the Jacobian is
dLg, = g—5| 00’ where we now use 0 as a dummy variable and @ € Param as a specific value.
As noted above, we are interested in matrix Lie groups G C GL;(R) = GL(Param), and assume
that the matrix transpose g’ belongs to G for any g € G. These assumptions hold in all examples

of interest. We have the following reformulation of Proposition 2.3.3:

Proposition A.2.8. Suppose the action of G on the parameter space is linear and leaves the loss

invariant. Then the gradients of L at any 0 and g - O are related as follows:
g Vee,L=Ve,l Vg€EG, VO Param (A.12)

If 0" is a critical point (resp. local minimum) of L, then so is g- 0™.

Sketch of proof. Let T, : Param — Param be the transformation corresponding to g € G. The

the Jacobian dLg,, is given by:

dL

o, 00

JL| d(LoTy)
0 00
0

JT,

30 |g,

=dL

200 ° Tg

g0

where we use the definition of the Jacobian, the invariance of the loss (Lo T, = L), the chain rule,
and the linearity of the action. The result follows from applying 7,1 on the right to both sides,
and taking transposes (see Appendix A.2.1). The last statement follows from the invariance of L

under the action of G, and the fact that Vg-L = 0 at a critical point 8" of L. O

We conclude that, if " is a critical point, then the set {g- 0 | g € G} belongs to the

critical locus. This set is known as the orbit of @ under the action of G, and is isomorphic to the
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quotient G/Stabg(0), where Stabg(0) = {g € G | g- 6 = 0} is the stabilizer subgroup of 0 in
G. In the case of a linear action, the orbit is a smooth manifold. While the results above imply
that the critical locus is a union of G-orbits, they do not imply, in general, that the critical locus
is a single G-orbit. They also do not rule out the case that the stabilizer is a somewhat ‘large’
subgroup of G, in which case the orbit would have low dimension. However, in many cases,
there is a topologically dense subset of parameter values @ € Param whose orbits all have the
same dimension. We call such an orbit a ‘generic’ orbit. We now turn our attention to examples

of two-layer networks where such a generic orbit exists.
Flat directions in the two-layer case

Recall that the parameter space of a two-layer network is Param = R"™*# x R?*" where
the dimension vector is (m,h,n), and we write elements as (U,V). The action of GLj, is
g-(U,V)=(Ug!,gV). Let Param® C Param be the subset of pairs (U, V) where each of U and

V have full rank. This is an open dense subset of Param, and is preserved by the GL;-action.

Proposition A.2.9. The GL-orbit of each element of Param® has dimension
dim(Orbit) = 4* — max(0, s —n) max (0, — m).

Proof. Fix (U,V) € Param®. Suppose h < n, so that h* — max (0,4 — n) max(0,h — m) = h?.
Then V € R defines a surjective linear map, so has a right inverse VI € R"". If ¢ € GL,
belongs to the stabilizer of (U,V), then we have gV = V. Applying V' on the right to both sides,
we obtain g = idj,. Thus, the stabilizer of (U,V) is trivial, and the orbit has dimension equal to
the dimension of the group, namely /2. The case h < m is similar.

Now suppose & > max(n,m). In this case, h*> — max(0,h —n)max(0,h —m) = h(n+
m) —nm. Set Uy = [idm 0] e R™h and Vy = 1 € R"" 5o that the last & — m rows of U

0

are zero, and the last # — n columns of Vj are zero. Then, by the rank assumption, there exists
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g1 € GLy, such that Ug; = U, and there exists g> € GLj, such that g, ly = Vo. Without loss of
generality, we can take g| and g such that det(g;) > 0 and det(g;) > 0. Thus, both g; and g»
belong to the component of the identity in GLj,.

Next, consider the action of G = GLj, on full rank matrices in R™*h gpd R0 individually.
We have that Stabg(U) = g1Stabg(Up)g; ' and Stabg(V) = gaStabg(Vo)g, |- The stabilizer in

GL, of the pair (U,V) € Param® can be written as:

Stabg(U,V)={ge G |Ug ' =U and gV =V} (A.13)
= Stabg(U) N Stabg (V) (A.14)
= (glstabg(Uo)gl_l) N (gQStabg(VO)gz_l) (A.15)

Since g; and g, belong to the connected component of the identity, the dimension of the
intersection (g1 Stabg(Up)g, ') N (g2Stabg(Vo)g, ') is equal to the dimension? of Stabg(Up) N
Stabg(Vp). Hence we reduce the problem to computing the dimension of Stabg (Up) N Stabg (Vo).

To this end, observe that a matrix g belongs to Stabg(Up) (resp. Stabg(Vp)) if and only if

1s of the form:

id, 0 id, *
g= (resp. g= )

* % 0 =

where the lower left s € R("=")%™ and the lower right € GLj,_,, (resp. upper right % € R?* (A=7)
and lower right x € GL,_,) are arbitrary. If m > n, taking the intersection amounts to considering

matrices of the form:
id,, 0 0

§=10 1idy—, O

0 * *

where the rows and columns are divided according to the partition # = n+ (m —n)+ (h—m). If

3Explicitly, fix a continuous path % : [0, 1] such that ¥(0) is the identity in G and %(1) = g;, for i = 1,2. The
dimension of (; (¢)Stabg (Up) 1 (¢) ™) N (1(t)Stabg (Vo) 12.(t) ~!) is constant along this path.
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m > n, taking the intersection amounts to considering matrices of the form:

where the rows and columns are divided according to h = m+ (n—m)+ (h—n). In both cases, the
dimension of the intersection is (h —n)(h —m) = h*> — hn — hm + nm. We obtain the dimension

of the orbit as: h*> — (h—n)(h—m) = h(n+m) — nm. O

Recall that the symmetry group for homogenous activations is the coordinate-wise
positive rescaling subgroup of GLj, consisting of diagonal matrices with positive entries along
the diagonal. We denote this subgroup as T’y (k). Similarly, the symmetry group for radial
rescaling activation is the orthogonal group O(h). For linear networks, the activation is the

identity function, so the symmetry group is all of GL,.

Corollary A.2.10. The orbit of a point in Param® under the appropriate symmetry group is given

by:
Type of activation Symmetry group Dimension of generic orbit
Linear GL, h? —max(0,h —n) max(0,h —m)
Homogeneous T (h) min(h, max(n,m))
(g) if h < max(n,m)
Radial rescaling O(h)
(B) — (Pmmaxtmm)y - otherwise

Proof. Adopt the notation of the proof of the above Proposition. The stabilizer in Ty (k) of
(U, Vp) is the intersection of the stabilizer in GL;, of (Uy, Vp) and T’y (k). This intersection is

easily seen to have dimension max (0,2 — max(n,m)). Subtracting this from dim(7(h)) = h,
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we obtain the result for the homogeneous case. For the orthogonal case, the stabilizer in O(h) of

(Uo, Vp) is the intersection of the stabilizer in GLj, of (Uy,Vp) and O(h). This intersection has

dimension 0 if & < max (n,m) and ("~™3*"™) otherwise. Subtracting from dim(O(h)) = (%), we

obtain the result for the radial rescaling case. 0

A.2.7 Conserved quantities

We now turn our attention to gradient flow and conserved quantities. In this section, we
give a formal definition of a conserved quantity. Let # = R be the standard vector space of
dimension d. Suppose L : ¥ — R is a differentiable function. Let Flow, : ¥" — 7 be the flow

for time ¢ along the reverse gradient vector field, so that:

LN 1t Flow,(v)] = —V,L

Note that Flowy is the identity on 7/, and, for any s,#, the composition of Flow; and Flow; is
Flow,,;. We will write v(t) for Flow,(v), so that v(s) = =V, L. A conserved quantity is a

function Q : 7 — R that satisfies either of the following equivalent conditions:
1. For any #, we have Q(v(t)) = Q(v).
2. Let Q(v) = % ‘o[t — Q(v(t))] be the derivative of Q along the flow. Then Q = 0.
3. The gradients of Q and L are point-wise orthogonal, that is, (V,Q,V,L) =0 forallv € 7.

The equivalence of (1) and (2) are immediate. To show the equivalence of the third and second

statements, let v € 7" and compute:

d d
(Vy@, VL) =dQ,0)0 VyL = dQ,)© 7 Ov(f) =7 (Qov(1)),

where we use the definition of the flow in the second equality, and the chain rule in the third.
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We note that, if f: R — R is any function, and Q is a conserved quantity, the f o Q is
also a conserved quantity. Additionally, any linear combination of conserved quantities is again
a conserved quantity. Let Conserv(?’, L) denote the vector space of conserved quantities for the

gradient flow of L: 7" — R. For any v € ¥, there a map:

V, : Conserv(¥,L) — T, =R, 0~ V,0

taking a conserved quantity to the value of its gradient at v. By the above discussion, the map V,

is valued in the kernel of the differential dL,.

A.2.8 Conserved quantities from a group action

Let G be a subgroup of the general linear group GL;(R). Thus, there is a linear action of

G on ¥ = R¢. Suppose the function L is invariant for the action of G, that is,

L(g-v)=L(v) YWwe? Vged.

Let g = Lie(G) be the Lie algebra of G, which is a Lie subalgebra of gl; = R*?. The infinitesi-

mal action of g on ¥ is given by g x V — V, taking (M,v) to Mv.
Proposition A.2.11. Let L: ¥ — R be a G-invariant function, and let M € g.

1. Foranyv € ¥V, the gradient of L and the infinitesimal action of M are orthogonal:

(V,L,Mv) = 0.

2. Suppose y: (a,b) — ¥ is a gradient flow curve for L. Then:

(7)) My(t) =0 Vi € (a,b)
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3. Suppose M belongs to g. Then the function

Ou:7 —R, v = v My

is a conserved quantity for the gradient flow of L.

Proof. For the first claim, observe that the invariance of L implies that the left diagram commutes:

G inc Rdxd evy R4 g dincy Rdxd d(er)idd R
l lL l ldLv
{v} 7 R 0 R

where inc : G — R?*¢ is the inclusion (which passes through the inclusion of G in to GL4(R)),
ev, : R9*?4 — R be the evaluation map at v, and the left vertical map is the constant map at {v}.
Indeed, the clockwise composition is g — L(gv), which is equal to the constant map at g — L(v).
The chain rule implies that taking Jacobians at the identity 1 of G results in the commutative
diagram on the right. where g is the Lie algebra of G, identified with the tangent space of G at
the identity; the tangent space of the vector space R at v is canonically identified with R¢; and
the the zero appears because the tangent space of a single point is zero. The derivative of the
inclusion map is the inclusion g < gl;, = R?*?, while the derivative the evaluation map is itself

as it is a linear map. Hence, for M € g, we have:
0=dL,od(evy)iq, odinc; (M) =dL,cev,(M) =dL,(Mv) = (V,L,Mv).

The first claim follows. The second claim is consequence of the first claim, together with the
definition of a gradient flow curve. For the third claim, we take the derivative of the composition

of Oy with a gradient flow curve v:

& (Quom) = (7)) (M +-M" ()
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= (Y(t), (M +M")y(1))
= —(Vy) L. (M+M")y(1))

= —(Vyo L MY(1)) = (V) L. M y(1))

Both terms in the last expression are constantly zero by the second claim. Hence Qy, is constant

on any gradient flow curve, and so it is a conserved quantity. [

We summarize some of the results and constructions of this section diagrammatically. Let

¢g>¥™ denote the vector space of symmetric matrices in g (this is not a Lie subalgebra in general).
Observe that gN g7 is the set of all M € g such that MT € g. Let Infing(#', L) denote the vector
space of infinitesimal-action conserved quantities for the gradient flow of the G-invariant function

L: v — R. We have:

gng”

Infing(?,L) — Conserv(?,L)

-

sym

9

where the map gN g’ — g™ takes M to its symmetric part % (M +M T) , while the map g*™ —
gNg’ is the natural inclusion. We note that gN g is the Lie algebra of the group GNG', while
g>™ is in general not a Lie algebra. By definition, the vector space Infing(%#",L) is the image of

the map M — Qy defined on gN g’ . It is straightforward to verify the following result:

Corollary A.2.12. The map M — Qy establishes an isomorphism of vector spaces: g¥y™ —

Infing (7, L).

As discussed in Section 2.3.2, applying a symmetry g to a minimum 0* of L yields another
minimum g - @*. Using flattened @ € R it is easy to show that acting with g changes some

01(0) =0"M0. Let g = exp,, (1) ~ I +tM', with M’ € gand 0 < < 1 be a g € G close to
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identity. We have Qy(g-0) = Qn +:07 (M’TM—l—MM’) 0 +0(n?). Thus, whenever MM+
MM’ # 0, applying g changes the value of Qy. Therefore, Oy can be used to parameterize the

flat minima. However, for anti-symmetric M, we could not find nonzero Q explicitly.
Anti-symmetric case

Suppose M € g is anti-symmetric, so M = —M” . Let y: (a,b) — R be a gradient flow
curve. Write 7 in coordinates as ¥ = (7, ..., 7). Proposition A.2.11 implies that ((¢))" My = 0.
Hence we have:

vy :
0=y mi (17— %) = L mij ¥ <—’> =Y mijri;6;
i<j i<j ‘ i<j

where r;j = r;j(t) is equal to \/%(t)> — ¥;(¢)> and 6;; = 6;;(¢) is the angle between the i-th
coordinate axis and the ray from the origin to the projection of y(z) to the (i, j)-plane. One

verifies the last equality using the definition of 6;; in terms of the arctangent of the quotient ;/7;.

We see that (r;;(t), 6;;(t)) are the polar coordinates for the point (y(z),;(t)) € R2.
Cased = 2.

a
Then M = for some nonzero a € R, and so:

—a 0
0=7"My=api(1)n(t) —an(t)ja(r) = ar()*6(1)

where r(¢) and 6(r) are polar coordinates. Setting the final expression equal to zero, we obtain

that 0(¢) is constant along any flow line y(¢) that begins away from the origin.
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Case d = 3.

0O a b
ThenM = |—g 0 | forsomea,b,c <€ R, and so:
—-b — 0

0= ’}7TM’)/ = ar122 912 + bl’%»j 913 + cr%3 923

A.2.9 Examples of conserved quantities for neural networks

We now compute conserved quantities for gradient flow on neural network parameter
spaces in the case of linear, homogeneous, and radial networks. In each case, we state results first
in the for a general multi-layer network, and then for the running example of a two-layer network.
Throughout, © denotes the Hadamard product of matrices, defined by entrywise multiplication.
We also set 7(M) to be the sum of all entries in a matrix M. We note that, for square matrices
M and N of the same size, T(M ® N) = Tr(MT N), which is the same as the inner product of the
flattened versions of M and N.

The notation for the running example of a two-layer network is as follows. We set
the input and output dimensions both equal to one, hidden dimension equal to two, and no

bias vectors. The hidden layer activation is ¢ : R? — R?. The parameter space is Param =

. . . . V1
R?*! x R1*2, with elements written as a pair of matrices: (U,V) = [Ml uz} , . The

V2

hidden symmetry group is GL;, with action given by:
GL,(R) x Param — Param, (g, U,V)—~g-(UV)= (Ug_l,gV) .

The Lie algebra gl, of GL,(R) consists of all two-by-two matrices.
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Conserved quantities for linear networks

Suppose a neural network with L layers has the identity activation o; = id,, in each layer,
so that the resulting network is linear. Then it is straightforward to verify that the networks with
parameters g- (W,b) and (W,b) have the same feedforward function. Consequently, the loss is
invariant for the group action: its value the original and transformed parameters is the same for
any choice of training data. (As we will see below, for more sophisticated activations, one needs
to restrict to a subgroup of the hidden symmetry group to achieve such invariance.)

Suppose M € gl niacen 18 such that M; € gl,, is symmetric for each i. The conserved

quantity implied by Proposition A.2.11 is:

L—-1

(t(W: @ MiW;) + T(b; @ Mib;) — T(Wip1 @ Wit 1 M;))

i
L

]
Lok

Tr (WiW; +bib! — W Wiy ) M;)

N
I
—_

We examine these conserved quantities in the following convenient basis for the space of

symmetric matrices in glpniaen. For j=1,...,Land {k,£} C {1,...,n;}, set:

ES) ith=2¢

0 ._
E{m =

V(B +ER) itk

where E,EZ’ ) is the elementary n; X n; matrix with the entry in the k-th row and ¢-th column equal
to one, and all other entries equal to zero. Then one computes:

nj—1 njy1
. . o
RGBS LR W ATED M

{kt} t r=1

In other words, we take the sum of the following three terms: the product of the k-th and /-th

entries of the bias vector b}, the dot product of the k-th and ¢-th rows of W}, and the dot product
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of the k-th and /-th columns of W, ;. In particular, we see that every entry of the matrix
1i(W,b) := WW, +bib] — W/ Wiy, € gl,,

is a conserved quantity valued in gl,,, rather than in R. Additionally, we have a moment map:

L—1
Q : Param — g[;klhidden7 (W,b) — (M~ <[.LZ(W,b),M,>
i=1

Conserved quantities for linear networks: two-layer case

In the two layer case of a linear network, we have that that the single hidden activation is
the identity: ¢ = id, : R?> — R?. The hidden symmetry group is GL, with Lie algebra all of gl,.

The space of symmetric matrices in gl, is spanned by the matrices:

1 0 00 01
E = , Ey» , and E(I,Z) =

0 0 0 1 10

The corresponding conserved quantities are:
QE11<U7V) :V%—M% QEzz(qu) :V%—M% QE(]Q)(UaV) =Viv2 —uiup

Thus, we obtain a three-dimensional space of conserved quantities. (Since GL, also contains the

orthogonal group O(2), Equation A.16 below holds along any gradient flow curve.)
Conserved quantities for ReLU networks

The pointwise ReLLU activation commutes with positive rescaling, so we consider the

subgroup of the hidden symmetry group consisting of tuples of diagonal matrices with positive
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diagonal entries, that is:
G = {g € GL jhiaen | gi = Diag(sy,...,ss,) , 5; >0}

This subgroup, also known as the positive coordinate-wise rescaling subgroup, is isomorphic
to the product (R>0)Zf;11 " Tts Lie algebra is spanned by the elements E ,E,]() defined above, for

j=1,....,L—Tand k=1,...,n;. The conserved quantity implied by Proposition A.2.11 is:
N2 el N2 Tl ; 2
+1
0pp(W.b) = (6) + X (w) ~ X (vi™)
e =1 r=1
In other words, we take the sum of the following three terms: the square of the k-th entry of the
bias vector b;, the norm of the k-th row of W}, and the norm of the k-th column of W; .

Conserved quantities for ReLU networks: two-layer case

In the two-layer case, the positive rescaling group is:

g1 0
G= € GL,(R) | g1 and g; are positive.

0 g

The Lie algebra of G is the two-dimensional space of diagonal matrices in gl, (with not necessar-

1 0
ily positive diagonal entries). In other words, g is spanned by the matrices E1| = and
00
() O ., . .
Ey = . One computes the conserved quantities corresponding to these elements as:
01

QEn(U’V) :V%_u% QEzz(va) IV%—M%

Hence there is a two-dimensional space of conserved quantities coming from the infinitesimal

action.
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Conserved angular momentum for radial rescaling networks

Suppose each o; is a radial rescaling activation 0;(z) = A4;(|z])z, where A; : R — R is the
rescaling factor. Each such activation commutes with orthogonal transformations, so we consider

the subgroup of the hidden symmetry group consisting of tuples of orthogonal matrices:
G = {g € GL icaen | gig! = id,,, for all i}

The Lie algebra of this subgroup consists only of anti-symmetric matrices, and so there are no
infinitesimal-action conserved quantities. However, given an anti-symmetric matrix M; € gl,, for
each i, any gradient flow curve satisfies the following differential equation (encoding conservation

of angular momentum):
L_l . . .
Y (2(W © MiW;) + ©(bi © Mib;) — T(Wit1 ©@ Wi 1M;)) =0
i=1

(cf. Section A.2.8). An equivalent way to write this equation is:

L-1

Z Tr ((VV,VVlT + bibiT + W/i_T,_lw/,‘Jrl) M,') =0

i=1

Indeed, one uses the facts that 7(A © B) = Tr(AT B), Tr(AT) = Tr(A), and Tr(AB) = Tr(BA), for

any two matrices A, B of the appropriate size in each case. Using a basis of anti-symmetric

matrices, one can show that the matrix
Vi(W,b) := WW," —WiW/ +bib] — bib] + W Wi =W Wiir € g,

is equal to zero: v;(W,b) = 0. Note that v; depends on taking derivatives with respect to the
flow. In fact, v; is more properly formulated as a function on the tangent bundle 7' (Param) of
Param, which is then evaluated on the gradient flow vector field. Similarly, we have a moment

map 7 (Param) — g[:‘lhidden, and the gradient flow vector field is contained in the preimage of zero.
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We omit the details.

A basis for the space of anti-symmetric matrices in gl nidden is given by:

£U) . pn)

(nj)
k<t * kl E,’

Lk

where j=1,...,L—1,and k,¢ € {1,...,n;} satisfy k < £. The differential equation correspond-

ing to E,Ej)g is given by:

nj—1 njt+1
2 . 2 . 2 . _
rp j;k,zebj;kf + Z r Wj;ks,tszW;;ks,Zs + Z r Wj+1;rk,rfewj+l§rkvré =0
t=1 r=1

where (I’bj;kg, ij;;@g) are the polar coordinates of the image of b; under the projection R"/ — R2
which selects only the k-th and /-th coordinates. Similarly, for any pair matrix entries we have
a projection R">*"-1 — R? and can take the polar coordinates of the image of W; under this

projection.
Conserved angular momentum for radial rescaling networks: two-layer case

In the two-layer radial rescaling case, suppose the dimension vector is (n,,m), and that

there are no bias vectors. For U € R"™*" vV € R and M € so(h), we have:

(6,M-0)={((U,V),(-UM,MV)) = —Tr(U"UM) +Tr(V MV)
=Tr(VVIM) - Te(MTUTU) = Te(VVI M) + Te(MUTU)

=Te(VV' M)+ Te(UTUM) = Te [(VVT +UTU) M]
Hence we obtain the differential equation:

Tr[(VVT +UTU)M] =0
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In the case where (n,h,m) = (1,2,1), we have the two by two orthogonal group:
G=0(2)={geGL(R) |g'g=id}

The Lie algebra of G consists of anti-symmetric matrices in gl,, and contains no non-zero

symmetric matrices. Hence, we do not obtain any conserved quantities from the infinitesimal

0 1
action in this case. However, using the element € g, we obtain that the following

-1 0

differential equation holds along any gradient flow curve:

50y + 136y =0 (A.16)

where (ry, 8y) are the polar coordinates of (u1,us) € R?, and similarly for (ry, 6y ). Note that the

left-hand side of Equation A.16 is a function of ¢; so if v: (a,b) — ¥ is a gradient flow curve, then
a more precise version of the equation is (r7,0y) (¢) - (6y o y)' () + (rFoy) (t) - (Bv 0 y)' () =

for all z.

A.2.10 Jacobians: special cases
We conclude this appendix with a side remark on special cases of the Jacobian formalism.

Manifolds.
Suppose M and N are smooth manifolds, and suppose F : M — N is a smooth map. The

differential of F at m € M is a linear map between the tangent spaces:
dF,, : T,M — Tp(m)N

The map dF;, is computed in local coordinate charts as the Jacobian of partial derivatives. If
G : N — L is another smooth map, then the chain rule becomes d(Go F),, = dGp () 0 dFp, for

any m € M.
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Matrix case.
Suppose L : R™*" — R is a differentiable function. In this case, we regard the Jacobian

at W € R™ " a5 an n X m matrix:

JL JL JL

d d owyy,
w11 W w21 W Wil W
JdL JL JdL

d d oWy

dLW _ w12 W w22 W Wm2 W E]Rmxn

oL oL oL

oW, owa, OWnn

= w w w-

where w;; are the matrix coordinates. If F': R — R™*" is a differentiable function, we regard its

Jacobian at s € R as a m X n matrix:

_dFll dF12 dFln i
dt dt dt
K K s
dFy dFy ... dby
dt dt dt
dF; = K} s s| e R
dFn dFyp - dFyn
dt dt dt
- K K 5=

where F;; : R — R are the coordinates of F'. Then the chain rule becomes:

dF;;

) = Tr(dLF(S) dFs)

N

In other words, the derivative of the composition Lo F at s € R is the trace of the product of the

matrices dLp(;) € R"™" and dF; € R™*".

A.3 Neural networks: non-linear actions group actions

In this section, we consider a non-linear action of the hidden symmetry group on the

parameter space. This action has the advantage that exists for a wider variety of activation
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functions (such as the usual sigmoid, which has no linear equivariance properties), and that it is
defined for the full general linear group. However, in constrast to the linear action, the non-linear

action is data-dependent: the transformation of the weights and biases depends on the input data.

A.3.1 Rotations

We first define certain orthogonal matrices.
Definition A.3.1. For any tuple of real numbers B = (B1,...,B,), define an (n+1) x (n+1)
matrix R(B) as follows:

(

cos(Bj-1) (I sin(Be) ) cos(B) ~ if j<i
(R(B));j = { —sin(B;) ifj=i+1

0 ifj>i+1

\

where, by convention, we set By = B,+1 = 0.

For example, when n = 1,2, we have:

cos(B) —sin(B) cos(B1) —sin(f) 0
R(B) = R(B1,B2) = |sin(B)cos(Ba) cos(Bi)cos(By) —sin(fB,)
sin(f) cos(f) ‘ . ‘
sin(B1)sin(B2) cos(Bi)sin(B2)  cos(Ba)

Lemma A.3.2. For any tuple of real numbers B = (B1,. .., Bn), we have:
1. Yy cos?(B) [T, sin(Be) + ITi— sin® (Be) = 1
2. The matrix R(B) is orthogonal.

Sketch of proof. The first identity follows from a straightforward induction argument, while
the proof of the second claim amounts to a computation that invokes the identity of the first

claim. L]
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Proposition A.3.3. There is a continuous map R : R"\ {0} — GL,,, written z +— R, such that:
1. For any z € R"\ {0}, the first column of R, is z. Hence R,e1 = 7, where e; = (1,0,...,0)
is the first basis vector.

2. The operator norm of R; is ||R;|| = |z/.

3. If |z] = 1, then R, is an orthogonal matrix.
Proof. Let z € R"\ {0}, and let (r,a,...,0,_1) be the (reverse) h-spherical coordinates of z.
Hence, r = |z| is the norm of z and the i-th coordinate of zis z; = r (H};ll sin(oy)) cos(@;), where
oy, = 0 by convention. Now set R, = |z|R(¢y,...,04_1). Using Lemma A.3.2, one concludes
that R, is invertible with inverse #RZT so that R, has operator norm is |z| and R; is orthogonal if

|z| = 1. It is also clear that the first column of R, is equal to z. O

We note the the matrix in A.3.1 has a form similar, but not identical, to the Jacobian
matrix for the transformation to n-spherical coordinates. Euler angles provide another way to

construct a map R"\ {0} — GL,, the same properties as in Proposition A.3.3.

A.3.2 Non-linear action: two-layer case

Consider a two-layer network with dimension vector (m,h,n), no bias vectors, and no
output activation. The parameter space is Param = R x R"*"_ Define the non-degenerate
locus as:

(Param x R")° = {(U,V,x) € R™" x RF*" x R" | Vx # 0}

Let F : Param x R" — R™ be the extended feedforward function, taking (U, V,x) to Fy y)(x) =

Uoc(Vx). We now state and prove a more general version of Theorem 2.4.1.
Theorem A.3.4. Suppose c(z) # 0 for all nonzero z € R"\ {0}.

1. There is an action:

GLj, x (Param x R")° — (Param x R")°
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g+ (U.V.x) = (URs(vx)Ry gy + 8V + %)

2. Suppose, in addition, that 6(0) # 0, so that o is nonzero on all of R". There is an action:

GL, x (Param x R") — (Param x R")

g-(U,V,x) = (URsynR,

C_S(ng) ) gV ’ X)

In both cases, the extended feedforward function is invariant for this action, that is: F(g-

(U,V,x)) = F(U,V,x).

Proof. We first verify that the action is well-defined. In the second case, o(gVx) # 0 for all
(U,V,x) and hence R4y, is defined and invertible for any g € GLy,. For the first case, let
(U,V,x) be in the non-degenerate locus. The non-degeneracy condition Vx # 0 guarantees
that gVx # 0 for all g € GL;,. The hypothesis on ¢ in turn implies that Rs(gvyx) 1s defined and
invertible for any g € GL;,. Hence the action is well-defined in both cases.

To check the unit axiom, observe that, when g = idy, is the identity of GL;, we have

Rowo Ry,

o(gVx) = Rc,(‘/x)R;1 =id;, and gV = V. It follows that id - (U,V,x) = (U,V,x). To

(Vx)

check the multiplication axiom, let g, g2 € GLj,. Then:
R R! Ro(omR-L ) =R Rl
o(g1829) 6 (gav) o(g2v)a(v) o(g182v)V o (v)
It follows that g1 - (g2 - (U,V,x)) = (g182) - (U,V,x). For the last claim, we compute:

F(g ’ (U,V,X)) = F(URG(VX)R;(IgVX)7gV7x> = URO-(VX)R;(Ing)G(ng>

= URG(Vx)el = UG(VX)

where the first equality follows from the definition of the action; the second from the extended

feedforward function £ and the third and fourth follow from Proposition A.3.3. OJ
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From the proof, we see that a key property of the matrices R; is that:
RG(gZ)R;(]z)G(Z) = 0o(g2) (A.17)

This can be interpreted as a data-dependent generalization of the equivariance condition appearing
in Equation equation 2.4. We emphasize that a sufficient condition for the existence of such
an action is that o(z) is nonzero for any nonzero z € R”; this is the case for usual sigmoid,
hyperbolic tangent, leaky ReLU, and many other activations.

Finally, we remark on a differential-geometric interpretation of the construction of this
section. One can regard o as a section of the trivial bundle on R"\ {0} with fiber R”. The map
7 RG(gz)R;(]Z) defines a GLj-equivariant structure on this bundle such that o is an equivariant

section. Indeed, the action of GLj, on the total space (R"\ {0}) x R” is given by g- (z,a) =

( gz,RG(gZ)R;(IZ)a), and the equivariance of o is precisely the condition RG(gZ)R;(IZ) o(z) = o(gz).

A.3.3 Non-linear action: multi-layer case

We adopt the notation of Section A.2.2. In particular, consider a neural network with L

layers and widths n = (ng,ny,...,nz). The parameter space is given by:
Param(n) = R™XM-1 5 R 5 R2ZZH S RMX0 5 R X R -+ x R

So for each layer i, we have a matrix W; € R">*"-1 and vector b; € R". We write 8 = (W}, bi)iL:1

for a choice of parameters. Fix activations o; : R — R foreachi=1,...,L. Let

F:Fg:RnO—)Rnl‘
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be the feedforward function corresponding to parameters @ = (W,b) € Param with activations

o;. Taking the parameters into account, we form the extended feedforward function:
F : Param x R" — R, F(0,x) = Fg(x)

One can also define the extension of the partial feedforward function F; : Param x R" — R" as

(0,x) — Fg ;(x). Furthermore, let Z; : Param x R" — R be the function defined recursively as:

(

X ifi=0

Zi(0,x) = S Wyx + by ifi=1

I/V,-oi_l(Z,-_l(G,x)) +b; fori=2,...,L
\

We have F; = 6;0Z; fori =1,...,L, and the extended feedforward function is F = o7, 0 Z;.

Define the non-degenerate locus as:
(Param x R")® = {(0,x) | Z;(0,x) #0fori=1,...,.L—1}.

Proposition A.3.5. Suppose that, fori=1,...,L — 1, the activation o; : R — R satisfies
o, 1(0) C {0}. Then there is an action of the hidden symmetry group GL pisaen 0n the non-

degenerate locus given by:

GL hidden X (Param x R")°® — (Param x R")°

» L1
8- (O,X) - (giWiRFH(O,X)Rci(gi_lzi_l(B,x)) 5 gibi> , X

i=1
Moreover, this action preserves the extended feedforward function.

Proof. The fact that the action is well-defined follows from the assumption on each o; and

the non-degeneracy condition. The unit and multiplication axioms are shown in the same

181



way as in the proof of Theorem A.3.4. For the last claim, one first verifies by induction that

Zi(g-(0,x)) =giZi(0,x) fori =0,1,...,L. Hence,
F(g-0,x) = 0L(ZL(g-(0,%))) = 01(8.2(8,x)) = OL(ZL(6,x)) = F(8,x)

using the fact that gy is the identity. So the extended feedforward function is preserved under

this action. n

A.3.4 Discussion: increasing the batch size

In this section, we discuss difficulties in adopting the construction of the previous sections
to cases where the batch size is greater than one. Fix a batch size k, so that the feature space of
the hidden layer is R"*k. By abuse notation, we write o : R"** — R"*K for the map applying &
column-wise. We say that ¢ preserves full rank matrices if 6(Z) is full rank for any full-rank
matrix in Z € Rk As a final piece of notation, let (Rth)o - R"*k be the subset of full rank

matrices.

Lemma A.3.6. Suppose that k < h, and that & preserves full-rank matrices. Then there exists a
map c : GL, x (]Rth \ {O}) — GL, satisfying the following identities for any nonzero Z € Rk

andg7g17g2 € GLh

c(idy, Z) = id, (A.18)
c(g1,822)c(g2,2Z) = c(g182.Z) (A.19)
c(g,Z2)0(Z) = 0(gZ) (A.20)

We omit a proof of this lemma. A key tool is the fact that, for k < h, any two matrices in
(Rth) ° are related by an element of GL;. This lemma implies that, for a multi-layer network,

if o; preserves full rank matrices in R™* for each i, then there is a non-linear group action as in
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Proposition A.3.5, where the appropriate version of the non-degenerate locus is:
(Param X R”OXk> = {(0,X) ] Z(0,X) € R"**is of full rank fori = 1,...,L—1}.

However, as the following examples show, the condition that o preserves full rank matrices is

not satisfied in the case of common activation functions.

Example A.3.7. 1. For k > 1, the column-wise application of the usual sigmoid activation

does not preserve full rank matrices. For example, for k =2, take:

; o 1(3) o7 1(3) —1.3863 —0.4055
o 1(2) o' (4)| |-04055 1.3863

Then det(c(Z)) = 0 while det(Z) = —2.0862.

2. For k > 1, the column-wise application of hyperbolic tangent does not preserve full rank

matrices. To see this, set k = 1 and consider:

tanh~' (1) tanh™!' (%) 0.2027 0.4236

! 2

5 5
tanh~' (#) tanh™'(2) 0.4236 1.0986
Then det(tanh(Z)) = 0 while det(Z) = 0.0432.

3. Let s be a real number with 0 < s < 1. The corresponding leaky ReLU activation function
is given by o(z) = szmin(0,z) +zmax(0,z). For k > 1, the column-wise application of

leaky ReLU tangent does not preserve full rank matrices. Indeed, for k =2, set:
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S
Then det(c(Z)) = det = 0 while det(Z) = s> —1 #0.

—S S

Finally, in the case k > h, the action of GL; on full rank / X k matrices is not transitive.

Hence, there will generally be no matrix in GLj, taking 6(Z) to 6(gZ), even if both are full rank.

A.3.5 Lipschtiz bounds

Proof of Proposition 2.4.2. Let (U,V,x) be in the non-degenerate locus, let g € GL, and let

x1,xy € R". Using the Lipschitz constant of ¢ and the definition of operator norms, we compute:

F53) (1 =22)] < [URG (1) Ry 08V (31— 32))]
< U Ry 1R gfey MgV 11 =]

1
= TIHUHIG(VX)\HW o(gv &V IIx1 —x2|

nijo e V2llsl lo(Vx)lllell

oy VIl )

The result follows. [

A.4 Drifting of Conserved Quantities under Gradient
Descent

While gradient flows are well approximated by gradient descent [40], the conserved
quantities of gradient descent are no longer conserved in gradient flow due to non-infinitesimal
time steps. However, with small learning rate, we expect the change in the conserved quantities
to be small. In this section, we first prove that the change of Q is bounded by the square of
learning rate for two layer linear networks, then show empirically that the change Q is small for

nonlinear networks.
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A.4.1 Change in Q in gradient descent (linear layers)

Proposition A.4.1. Consider the two layer linear network, where U € R™" vV € R gre the
only parameters, and the loss function L is a function of UV. In gradient descent with learning

rate 1, the change in the conserved quantity Q = Tr [U Ty — VVT} at step t is bounded by

()

01— 0| <1? (A.21)

Proof. Let U; and V; be the value of U and V at time ¢ in a gradient descent. The update rule is

dL dL
U+ :Ut_nﬁ7 Vit :Vt—nw (A.22)
Consider the two layer linear reparametrization W = UV
0, =Tr[U U —VV/]
Qi1 =Tr[Ul U1 = Vi1 Vi (A.23)
Substituting in Uy and V;4 1, expanding Q;. 1, and subtracting by Q,, we have
oL\" oL oL\" JL
— 0 =Trn* (=~ ) == -1n(=—~) U-nUI =
Or+1— O rlrl (aU;) U, n (aUt) t—NY; U,
oL (dL\"  IL oL\
2 T
N == V Vi A.24
Note that
oL\ oL\
(8_Ut) U = (VvLvhHTu, = v, VL U, =V, (a_v,) , (A.25)
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and similarly

TR TAL (A.26)

Therefore, equation A.24 simplifies to
oL\" oL oL [ dL\"
_ 2T ===
Ql+1 Qt n-lIr <8U[) 3U, a‘/l (8‘/t) ]
oL\" oL aL\" oL
2
— T ) == |=7 — ] == A.27
! (r () 7 r[(avt) v, ) (A2
and the variation of Q in each step is bounded by the convergence rate:
/oL\T oL ] [ /aL\T oL ]
2
—O0l=n2ITrl =) = |_1rl(=) ==
|Qt+1 Ql‘| n r <9U,) 8U, r (a‘/t) a‘/t

ctlre| (2N 21| g | (22N 2L
=1 ou, ) v, av,) av,

,|dL

7 (A.28)

A.4.2 Empirical observations

In gradient flow, the conserved quantity Q is constant by definition. In gradient descent,
Q varies with time. In order to see how applicable our theoretical results are in gradient descent,
we investigate the amount of variation in Q in gradient descent using two-layer neural networks.
Since Q is the difference between the two terms f(U) = i Tr[UTU] and f>(V) =

Yoty Yo dx S (( )) we normalize Q by the initial value of f1(U) and f>(V), i.e.,

TAUTU) = L [ dx S

0=

| LTHU U0l + S Sy dx 35
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and denote the amount of change in O as

AQ(r) = O(r) — 0(0) (A.29)

We run gradient descent on two-layer networks with whitened input with the following

objective
argming y {L(U,V) =Y —Uc (V") 1%} (A.30)

where o is the identity function, ReLLU, sigmoid, or tanh. Y € R0 7 e R3*50 and vV e R10%30
have random Gaussian initialization with zero mean. We repeat the gradient descent with learning
rate 0.1, 0.01, and 0.001.

The variation AQ(t) and loss is shown in Fig.A.1. The amount of change in Q is small
relative to the magnitude of f;(U) and f>(V), indicating that conserved quantities in gradient
flow are approximately conserved in gradient descent. The error in Q grows with step size, as
AQ(t) is larger with the largest learning rate we used, although it has the same magnitude as

those of smaller learning rates. We also observe that O stays constant after loss converges.
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(a) Linear. (b) ReLLU. (c) Tanh. (d) Sigmoid.

Figure A.1. Dynamics of conserved quantities in GD. The amount of change in Q is small
relative to its magnitude, and Q converges when loss converges.
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Appendix B

Supplementary Material for Chapter 3

B.1 Omitted Proofs in Chapter 3.2

Proposition 3.2.1. There is a homeomorphism between L~ (0) and (GL;,)' .

Proof. Recall that Wy,...,W,,, X Y are matrices in R"*" and X,Y are both full rank. Consider

the map

-1
f: (GLh)l_l _>L_l(0)7 (817"'7gl—1) = (g1X_17g27"'7gl—17YHgi_1)' (B.1)
i

The inverse f~!: (Wy,...,W)) = (W1 X, W5, W3,...,W;_;) is well defined, because X, Wy, W, W,
...,W;_; are all full-rank. Since both f and f~! are continuous, f is a homeomorphism between

(GLy,)" =" and L~1(0). O
Corollary 3.2.2. The minimum of L has 2!~ connected components.

Proof. From Proposition 3.2.1, L~!(0) is homeomorphic to (GLj,)*~!. This implies that L' (0)
has the same number of connected components as (GLj)!~!. Therefore, GL,(R)'~! has 2/~!

connected components. Therefore, L~!(0) has 2/~! connected components. ]

Proposition 3.2.3. Let n = 1. Assume that X,Y # 0. When € = 0, the minimum of L has 4

connected components. When € # 0, the minimum of L has 3 connected components.
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Proof. When € =0, the skip connection is effectively removed, and the loss function equation 3.2
reduces to equation 3.1. By Corollary 3.2.2, the minimum of L has 4 connected components. In
the rest of the proof, we consider the case where € # 0.

Let (Wi, Way,Wa,) = (I, (0t — €)I,a~'YX 1), where & € R is an arbitrary number such
that o # € and o # 0. Then (Wy,, Wa,,Ws,) is a point in L~!(0). Define set G| = {g € R :

det (gWo,W1,X +€X) # 0}. Leta : GL; x G| — Param be the following map:

81,82+ (g1W10>
gZWZOgl_l,

Wi, (Wa, W1, X 4 €X) (g2Wa, Wi, X +€X) 7). (B.2)

From the definition of Gy, (g2W»,W;,X + €X) is invertible, so a is well defined. Additionally, we
have L(a(g1,82)) = L(Wi,, Wa,,W3,) = 0,Vg1,82 € GL; x Gy. Therefore, denoting the image of
aas Sy, we have S| C L~ (0).

Let So = {(W),W2,W3) : W5 = Y(eX)~! and W; = 0} if € # 0, or 0 otherwise. For
(W1, W5, W3) € Sy, we have L(Wy,Wo,W3) = ||[Y —Y(eX) 1(0+ €X)||» = 0. Therefore, Sy C
L=1(0).

We then show that the minimum of L is the union of §; and Sy. Consider a point
(W1, Ws,W3) € L~1(0). If W = 0, then & # 0, otherwise (W, W, W3) cannot be in L~!(0). In
this case, W3 must equal to Y (eX)~1, and (W}, W5, W3) € So. If W # 0, then W, ngl € GLy and
WaW1 W, 'W; ! € G1. The second part is due to WaWi W, W, ' Wo Wi X +€X = WaW X +€X #
0 since (W1, W2, W3) € L71(0). In this case we have (Wi, W, Ws) = a(WiW_ ', WaWi W 'W; 1),
which means that (W, W,,W3) € S;.

The number of connected components of S and Sy can be obtained from their structures.

Since W, W,X # 0, there is a homeomorphism between G and GL; defined by the map
f:Gy —GL,g— eWr Wi X +€X (B.3)
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with inverse f~! : GL; — Gy, + €(g —€X)(Wo,W1,X) L. Since a is also a homeomorphism,
its image S; is homeomorphic to GL| x GL; and has 4 connected components. When € # 0, S,
is a line and thus has 1 connected component.

The last part of the proof shows the connectedness of the connected components of 1 and
So. Let G = {g2 € G1 : f(g2) € GL*¢"(#X)} be the connected component in G that correspond
to GL*¢™¢X) _and G| = {g2 € G1 : f(g2) € GL™*¥"¢X)} be the component that correspond to

GL—%"(€X) For convenience, we name the connected components of Im(a) as follows:

C1 = {(W,Wp,W3) € Param : (W;,W>,W3) = a(g1,82),81 € GL", g2 € Gf}
Cy = {(W1,Wa,W3) € Param : (Wy,Wa,Ws) = a(g1,82),81 € GL™,82 € G| }
Cs = {(W1,Wa,W3) € Param : (Wy,Wa,W5) = a(g1,82),81 € GL*, g2 € G{ }

Cy = {(W1,Wo,W3) € Param : (W}, W1, W3) = a(g1,82).81 € GL™,82 € G| }

Note that for (W, W,,W3) € Sy, there exists a (unique) g» € G such that we can write

Wj as
W3 =W, [W20W10X + EX] [g2W20W10X + SX]il) = Yf(gz)il.

Following the definition of G, for a point (W}, W»,W3) in Cy or C, sign(Ws) = sign(Y (eX)™1).
Additionally, when g, is close to 0, g» belongs to GT. The boundary of both C; and C; contain a

point in Sp:

lim a(gi,g1) = lim a(g1,g1) = (0,a—¢&,Y(eX)™1) €.
+ g1%0*

g]*)()

Therefore, both C; and C, are connected to Sp.
For points in C3 and Cy, sign(W3) # sign(Y (¢X)~!). Therefore, no point in C3 or C4

can be sufficiently close to Syp. As a result, these components are not connected to Sy. In
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summary, when € # 0, Sy connects 2 components of S, and the minimum of L has 3 connected

components. [

We note that connectedness alone does not imply easy connectivity in the sense of short or
simple paths between solutions. Being in the same connected components is a necessary condition
for connectivity, but a single component may still contain complex geometry necessitating
complicated connecting paths.

Defining the ease of connectivity is subtle. One natural measure is the parametric
complexity of the connecting curves, quantifiable by their degree if polynomial, or number of
segments if piece-wise. Another possible definition for easy connectivity would be low curvature
of the minimum manifold or short geodesic distance between two points on it. As we saw in
Section 3.4.2, low curvature implies that linear interpolation stays near the manifold. Other
potential definitions include whether the connecting curve has an analytical expression, or how
many points are needed to approximate it within a certain error. It would be interesting to

examine these properties for symmetry-induced connecting curves.

B.2 Omitted Proofs in Chapter 3.3

Lemma 3.3.1. Consider two points (W, W>), (W], W) € L~1(0) that are not connected in L~"(0).

For any g € GL(h) such that det(g) <0, g- (Wi, Wa) and (W|,W,) are connected in L~1(0).

Proof. Consider the map f and its inverse f~! defined in equation B.1 in the proof of Proposition
3.2.1. Let g = £~ (Wi,W,) and g’ = £~ 1(W],W,). Since (W;,W,) and (W[, W) are not in the
same connected component of L™ (0), g and g’ are not in the same connected component of GL,.
Equivalently, det(gg') < 0. Consider a g, € GL;, such that det(g) < 0. Then det(g1g¢’) > 0,
which means that g1 g and g’ belong to the same connected component of GL;,. Therefore, g -

(W, W) = f(g1g) and (W], W;) = f(g’) belong to the same connected component of L~ (0). [J
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Example.

1 0 -1 0
Suppose | W) = Wh = is a point in L~1(0) for some loss function
01 0 1
~1 0 1 o]\ o
L. Then | W| = W = is also a point in L~!(0). However, (W;,W,) and

0 1 01

(W[, W,) are not on the same connected component of the minimum, since their determinants
have different signs. By Lemma 3.3.1, any g € GL(h) with det(g) < O can bring (W;,W,)

and (W],W;) to the same connected component in L~!(0). Let g be the permutation matrix

0 1 0 1 0 —1 o
. Then g- (W, Wr) = , , which is in the same connected component

1 0 1 0 1 0
as (W], W,).
Proposition 3.3.2. Assume that h > 2. For all (Wy,...,W;),(W/,....W/) € L71(0), these exists
a list of permutation matrices Py, ...,P,_y such that (WIPI,Pl_lePz, s oW P, P W)
and (W{,...,W/) are connected in L~1(0).
Proof. Let (g1,...,81-1),(8}:--&_1) € (GLy)"~! such that f(gi,...,g/1—1) = (Wi,...,W;) and
f(gysng) ) =W ,...W/). Let By=1. Fori=1,....1 -1, if det(g;giP_}) > 0, set P to I.
Otherwise, we set P, to an arbitrary element in P € S, \ A;, which is not empty when i > 2.

Let (g7,....,g] ) € (GLy)" " s.t. f(gl,....&] ) = (WiP\, P 'WaPs,....P_ oW, 1Py,
P_1W,;). By the way we construct P;’s, we have g/ = P g/P and det(g;g!) > 0. There-
fore, g; and g belong to the same connected component of (GL;,)Z_1 for all i. Since f is a
homeomorphism between (GL;,)!~! and L=1(0), (Wi P, P~ 'W,Ps,...,P,_oW,_1P_1,P_1W;) and

(W/,...,W/) are connected in L~1(0). O

Proposition 3.3.3. Consider the loss function of the following form
L:Param — R,W = (W17 7‘/Vl) = ||Y - ‘/‘/ZG(W/I—If(‘/Vl—Z?‘/Vl—37 7W17X))||%a (B4)

where f is a function of Wi_»,W;_3,...,W1,X, and o (cz) = c*o(z) for all ¢ € R and some k > 0.
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Assume that ||Y || # 0 and L~1(0) # 0. Also assume that | > 2. For any positive number
b > 0, there exist W,W' € L~1(0) that belong to the same connected component of L~'(0) and

0 < a <1, such that L((1 — o)W + aW') > b.

Proof. LetW = (W,,...,W5,W;) € L~!(0) be an arbitrary point on the minimum of L. Let W’ =
(W, ... Wy, W) = (Wym ™ ,mW,_1,W,_5,...,W;). Then W,W’ belong to the same connected
component of L~1(0), connected by curve ¥ : R — Param, y(¢) = ((1 —t)W; +tWym=*, (1 —
OWi_1 +tmW_ W, ..., W),

Since W € L~1(0), we have W;o [W;_1 f(W;_2,...,W;,X)] =Y. The loss on the linear

interpolation of W, W’ is

L((1—a)W+aW') =[]Y = ((1 - )W+ aW))o [(1 - )W, + aW,_,)
FWig,s W1, X)] 13
=|lY — (1 - a+am ™ YWo [(1 - a+ am)W_i f(Wi_a, ... W1, X)] |3
=|[Y — (1 — @+ om™ ) (1 — o+ am) Wio W1 f(W 2, ..., W1, X)] |3

=(1—(1—a+am™*)(1—a+am)*)?||Y|[3. (B.5)
Let ¢ = 0.5. Then

L((1-a)W+aW')

2
11 1 1 \*
1—( = _—k - - Y2
< (2+2m )(2+2m)> Y|l

(1 — 2D (1 m (1 +m)k)2 Y13 (B.6)

k
Letm = (2’<+1 (ﬁJr 1) . 1) . Recall that k > 0. Then m > 0, (1 +m)* > 1, and

2f(k+1)(1 _}_mfk)(l —l—m)k > 2*(k+1)(1 _|_m*k) = ﬁ +1>1. (B.7)
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Therefore, the loss at our chosen values of o and m is at least b:

2
L((1— o)W +aW') > (1— (%H)) |Y]13 = b. (B.8)

]

Proposition 3.3.4. Consider the loss function with the same set of assumptions in Proposition
3.3.3. Assume additionally that there does not exist a permutation P such that every column of
Po(W,_1f(W;_2,W;_3,...,W1,X)) is in the null space of W,. For any positive number b > 0, there
exist (Wi,..., W), (W/,...,W/) € L71(0) and 0 < & < 1, such that (Wy,...,W,_2) = (W[,.... W/ ,)

and minpeg, L ((1— a)(Wi,...,W)) + a(Wy,...,W,_o, P~ 'W,_1,W,P)) > b.

Proof. Let W = (W,,...,W,,W;) € L~1(0) be an arbitrary point on the minimum of L. Let
W' = (W/,... W, W) = (Wym ™, mW,_,W;_3,...,W).
Since W € L~1(0), we have W;6 [W;_; f(W,_5,...,W;,X)] =Y. The loss on the linear

interpolation of W, W’ is

L((1—o)W+aW’)

=Y — (1 - o)W+ aW/P)o [(1— )W;—1 +aP "W/ ) f(Wi_a,.... W1, X)] |]3.(B.9)
Let ¢ = 0.5. Then
L(1-a)W+aW') =|y — %Wl(1+m_kP)G (T +mP YW1 f(Wi_a, ..., W1, X)] |3
(B.10)

When m — oo,

lim o [(I+mP YW1 f(Wi_2,.... W1,X)]

m—yoo

= lim mkG [(I’I’l_ll—l—P—l)VVl,If(‘/Vl,%...,Wl,X)]

m—oo
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= lim m*P~ o [W_ 1 f(Wi_a,..., W, X)]. (B.11)

m—soo

Therefore,

. . 1 _ _
lim L ((1— o)W +aW’) = lim |[Y — Wi (I +m ™ P)m‘P~ o Wi f (Wi-z,... W1, X)] |3

m—yoo

) 1 _
= lim [ — W, (I +m P~ )G Wi f (Wi, Wi, X)] |

m—yoo

.3, mk
= hm ||ZY— —W/ZP IG[W/Z—lf(W/l—Za"waX)] ||%

Mm—soo 4

(B.12)

Since we assumed that there does not exist a permutation P such that every column of
Po(W_1f(W;_2,W;_3,...,W,X)) is in the null space of W}, at least one element in the second
term is unbounded for any permutation P. Therefore, L ((1 — @)W + ooW’) is unbounded for any

P. ]

Proposition 3.3.5. Let A € R"™*" be an invertible matrix. Let set S = {(W;,W,) : W, W, €
R"™" W\W, = A}. For any positive number b > 0, there exist W' \W" € S and 0 < a < 1, such

that ming, || (1— o)W +aW”) =W/, > b.

Proof. Let W be an element of S. Let W| = ngl_l,Wz’ =giWo, W/ = ngz_l, and W) = goWs,
where g1, g, € R"*" are invertible matrices. Note that W' = (W, W;) and W" = (W', W)/) are

both in S. Then,

min|| ((1—a)W'+aW") —W|3
wes

:Wmigﬂ(l —a)Wigy +aWigy ' —Wi|3+ (1 — a)giWa + agaWs — Wa |3
S
:gen(}iLIgn) Wi ((1—o)g, ' +ogy ' —g HIF+([Wa((1 —a)g1 +tgo — )5 (B.13)

Let gy = B and go = B~ 1 for some B > 0. Let @ = % Then, in the limit of a large f3,

195



we have

lim min|| (1 — o)W +aW') —=W|3

B—eoWes

-1 2 -1 2
=lim min ||W (ﬁ+ﬁ 1—g1> +HWz<ﬁ+ﬁ I—g) (B.14)
B—00geGL(n) 2 2 2 )

1

As B — o, gand g~ cannot approach ﬁ%[ﬁl simultaneously. Therefore, equation B.14

is not bounded. [
Proposition 3.3.6. Consider the loss function with the same set of assumptions in Proposition
3.3.3. Let W € L'(0) be a point on the minimum. Consider the multiplicative group of positive
real numbers R* that acts on L~1(0) by g- (Wy,....W)) = (W1, ...,Wi_2,gW;_1,Wig¥), where
g € R™. Then there exists a positive number b > 0, such that for all 0 < ot < 1 and W' € Orbit(W)

with ||W/||2 < ¢ for all i and some ¢ > 0, the loss value for points on the linear interpolation

L((1—0)W+oaW') <b.

Proof. Since W' € Orbit(W), W = (Wym™* mW,_,W,_,,...,Wy) for some m > 0. Additionally,
m and m~* are bounded since W! is bounded.
Since W € L~1(0), we have W,6 [W,_; f(W,_s,...,W;,X)] =Y. The loss on the linear

interpolation of W, W’ is

L(1—a)W+aW') =||Y — (1 — )W, + aW))
o [(1 =)Wy + oW ) f(Wiea, ... Wi, X)] |13
—|IY — (1 — a+ am™YWio [(1— o+ am)Wi_y f(Wi_a, ..., W1, X)] | |2
=[|Y = (1— o+ am™*)(1 - a+ am) W,o [W_1 f(Wi_a, ..., W1, X)] |13

=(1—(1— o+ am ) (1 — o+ am)*)?||y|3. (B.15)

As m, m~*, and o are all bounded, the loss value for points on the linear interpolation,

L((1—0)W + aW'), is also bounded. O
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The connectedness results derived from symmetry raise several interesting questions
about mode connectivity. For example, it would be interesting to understand when and why
there is no significant change in loss on the linear interpolation between two minima. One
possible explanation is that there always exists a symmetry-induced path y that stays close to the
linear interpolation. Another potential factor is the high dimensionality of the minimum, which
increases the likelihood that a significant portion of the linear interpolation remains within the
low-loss region. Additionally, empirical observations suggest that both train and test accuracy
remain nearly constant along paths connecting different SGD solutions [52]. If these paths are
induced by a group action, this would imply that the group action’s dependence on data is weak.
Investigating the extent to which data influences these symmetries could provide deeper insights

into the structure of the loss landscape and the generalization properties of neural networks.

B.3 Omitted Proofs in Chapter 3.4

Proposition 3.4.1. Let (U,V) € Param, and (U',V') =g-(U,V). Then
lUo(VX)-U's(V'X)| < [Us(VX)]| (B.16)
Proof. We note that I — (gVX)"o(gVX) is a projection:

(I-o(gvX)'o(gvX))®
=I—0(gVX)'o(gVX) - o(gVX) o (gVX)(I - 0(gVX) 0 (gVX))

=I—o(gVX)To(gVX).
Therefore,

[Us(VX) - U's(V'X)| = [Us(vX) (1-o(gvX)'a(evX)) | < lUS(VX)|.  (B.17)
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O]

Theorem 3.4.2. Let L~ (c) C Param, with ¢ € R, be a level set of the loss function L : Param — R,
Let y:[0,1] — L™Y(c) be a smooth curve in L~'(c) connecting two points wi = y(0) and
wy = ¥(1). Suppose the curvature x(t) of y satisfies k(t) < Kmax for all t € [0,1].

Let S be the straight line segment connecting wi and w». Then, for any point w on S, the

distance to L~ (c) is bounded by

Kmax 2

1 . 2
dist(w,L7'(¢)) < dimax = 1 \/1 B (KmaXHWz le2>

Furthermore, assuming L is Lipschitz continuous with Lipschitz constant Cy, the loss at any point

w on S satisfies
|L(W) - C| < CLdmax-

Proof. We will find an upper bound for the maximum distance between a smooth curve and the
chord connecting two points on the curve, assuming the curvature of the curve is bounded by
Kmax -

The curvature x at a point on a curve is defined as K = %, where R is the radius of the
osculating circle at that point. Let s be the maximum perpendicular distance from the midpoint
of a chord to the curve. For a circular arc, Pythagorean theorem gives

2
wy —w
Rzz(—H 2 . 1”2) +(R—s)>.

Solving for s:

2
s=r[ 11— (Iw2=will
2R
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Substitute R = % into the above, we have

1 _ 2
et i (e e
K 2

Since the curvature of Y is everywhere less than or equal to kp,x, the curve cannot bend

more sharply than the osculating circle with curvature ky,x. Therefore, the maximum deviation

dmax between ¥ and its chord cannot exceed that of the osculating circle:

1 . 2
dist(w,L ™ (¢)) < dimax = 1 \/1 B <Kmaxl|w2 W1||2)

max 2

Assuming L is Lipschitz continuous with Lipschitz constant Cz, for any w on S, we have

[L(w) —c| = |L(w) = L(¥(1))] < Crllw = ¥(1) || < Crmax-
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Appendix C

Supplementary Material for Chapter 4

C.1 Group Actions

In this section, we derive the group actions for the test functions and multi-layer neural

networks. More details about group theory can be found in textbooks such as [87].

C.1.1 Continuous Symmetry in Test Functions

Ellipse

Consider the following loss function with a € R=%:
L(x1,x2) = x3 +ax3 (C.1)

If we change the variables to L(u(xy,x2),v(x1,Xx2)) = u®> +v?, 2D rotations leave L
unchanged. Therefore SO(2) is a symmetry of L(x;,x;). Let gg € SO(2), and define the group

action as

X 1 0 cos®@ —sinfB| [1 O X1
86" = (C.2)
X2 0 1/\/a| |sin® cosO | |0 +a| [x
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Then

L(x1,x2) = L(g - (x1,%2)) (C.3)

Rosenbrock function

Consider the Rosenbrock function with 2 variables [120]:

L(x1,x2) = 100(x] —x2)? + (x; — 1)? (C.4)

Let u = 10(x? —x2) and v = x| — 1. After changing the variables from x and y to u and
v, L has a rotational symmetry. Note that the function, 4 : R2 — R?, that maps x,x to u,v is

bijective:

(u,v) = h(x1,x) = (10(x} —x3),x; — 1)
(x,x) =h Y(u,v) = (v+1,(v+1)>=0.1u)

h(x1,x2) = h(y1,y2) = (x1,%2) = (y1,¥2) (C.5)

Next, we show that SO(2) is a symmetry of L(xj,x2). Let p be a representation of SO(2)

acting on R2. For g € SO(2), define the following group action:

g (x1,x2) =h"" (p(g)h(x1,x2)) (C.6)

Then

L(x1,x2) = L(g - (x1,%2)) (C.7)

For the Rosenbrock function with 2N parameters, we can construct a bijective function

h: R?N — RN by transforming each of the N pairs of variables as before, and SO(2N) is a
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symmetry of L(x,...,xoy). However, we will only use the 2 variable version in the experiments.
Booth function

Consider the Booth function [71]:
L(x1 ,xz) = (x1 +2xp — 7)2 + (2)61 + Xy — 5)2
Similar to the Rosebrock function, a change of variables reveals a rotational symmetry of L:

(u,v) = h(x1,x2) = (x1 +2x0 —7,2x1 +x2 — 5)

1 2 2 1
(x17x2) :h_l(uav) = (_§u+§v+17§u_§v+3)

(C.8)

The function 4 : R? — R? that maps x1,X; to u, v is bijective. Let p be a representation of SO(2)

acting on R?. For g € SO(2), define the following group action:

g (x1,x2) =h"" (p(g)h(x1,x2)) (C.9)

Then L(x;,x2) admits an SO(2) symmetry:

L(x1,xp) =L(g- (x1,x2)) (C.10)

C.1.2 Continuous Symmetry in Multi-layer Neural Networks

In this and the following sections, we provide proofs for the theoretical results. We restate

the propositions from the main text for readability.

Proposition C.1.1. A linear network is invariant under all groups G, = GL,, acting as

g W, Wi 1) = (Wing™ 1, gWi_1), g Wi=W, Vk¢{mm-—1}.
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Proof. In the linear network h,, = W,,h,,_1, hence

g Wi 1) = Wing L ghm 1), gl =Wng 'ghy_1 = hy, (C.11)

which means a p-layer linear network is invariant under all G,, with m < p as they keep the

output h, invariant (Vg € Gy, g-hp = hp). ]

Proposition 4.4.2. Assume that h,,_, is invertible. A multi-layer network with bijective activation
0 has a GL,,, , symmetry. For g, € Gy, = GL,, | (R) the following group action keeps h, with

p > m invariant

Wingp! k=m
g We=9q 67 (gno Wy_thn2))h ',  k=m—1 (C.12)
Wi k& {mm—1}

Proof. We want to convert g - h,,_ into a transformation on W,,_; instead of 4,,_1. In other
words, we want to find a set of transformed weights W,,, W/ | which yields the same network

output fzm:

Fn = Wi (Wyy_ 1 hm—2) = Wing ™' 86 (Wy_1hm—2)

= W,,’1 = ng_l7 (o} (W,;l_lhm_z) = g0 (Wpn—1hmn—2) (C.13)
Solving equation C.13 we get
Wy 1 =0""(g0 Wy—1hu2))h, " (C.14)

equation C.12 follows from equation C.13 and equation C.14.
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To verify that equation C.12 is a valid group action,

Wl k=m
I'We=3 o' (Io Wyorhma))h,'y k=m—1

Wi k& {mm—1}
= Wk (C.15)
and
( 1 -1 B
Wing; "8 k=m
81-(82-Wi) =19 o7 (g16 ([067 (820 Wyibm—2)) 1) S na) ) 1)ty k=m—1
L Wi k& {mm—1}
4
Wm(gng)il k=m
=93 0 ' ((2182)0 Wn1hm2)) bty k=m—1
Wk k ¢ {m7m_ 1}
\
= (8182) - Wi
(C.16)
O]

C.2 Teleportation and SGD

This section includes a proof for Theorem 4.5.9. Additionally, we discuss the theorem’s

implication when the loss function is strictly convex.

Lemma C.2.1 (Descent Lemma). Let L(w, &) be a B—smooth function. It follows that
E [|VLw.£)]2] <2B(L(w) ~ Lw) +2(Lw’) ~E [infL(w.£)]).  (€17)
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Proof. Since L(w, &) is smooth we have that

B

L(Z7§)_L(W=5> < <VL(W7§)7Z_W>+§HZ_W||27 \V/Z,WERd. (C.18)

By inserting
z=w— ZVL(W,E)
into equation C.18 we have that

1

25 IVEW. S (C.19)

L(w—(1/B)VL(w,E),&) < L(w,&)—

Re-arranging we have that

L<W*7§) —L(W, 5) = L(W*’g) —iIMI)fL(W,é) —|-il’ul’fL(W,§> _L(Waé)
< L(W*vé) —igfL(W,é) +L<W_ (l/ﬁ)VL(W,é),é) _L(Wvg)
equation C.19

< LW &) —infLow.E) — 35 IVLOw. )P,

where the first inequality follows because infy, L(w, &) < L(w, &), Vw. Re-arranging the above

and taking expectation gives

E[|VL(w,&)[1%] < 2B [B(L(w",E) ~ infL(w,&) +L(w,&) — L(w",€))]
< 2BE [L(w',&) —infL(w, &) + L(w,&) - L(w",&)]

< 2B(L(w) — L(w")) +2B(L(w") ~ E [infL(w,&)]).

]

At each iteration ¢ € N in SGD, we choose a group element g’ € G and use teleportation
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before each gradient step as follows
wil =g .w —nVL(g" W, E. (C.20)

Here 1 is a learning rate, VL(w', E") is a gradient of L(w',E") with respect to the parameters w,

and &' ~ 2 is a mini-batch of data sampled i.i.d at each iteration.

Theorem 4.5.9. Let L(w, &) be B—smooth and let
> ¥ L (w)—E [igfL(w, £ )} .
Consider the iterates W' given by equation 4.45 where
g e arglglea();(||VL(g-w’)||2. (C.21)
Ifn= ﬁ\/% then

2B
T—1

min E maé(||VL(g-w’)||2 < E [L(w° (C.22)
ge

1=0,....,T—1

|
=
3
—
+

Proof. First note that if L(w, &) is f—smooth, then .Z(w) is also a f—smooth function, that is

B

L(z) —L(w) — (VL(w),z—w) < §||z—w||2. (C.23)

Using equation 4.45 with z =w'T! and w = g’ - ', together with equation C.23 and the fact that

the group action preserves loss, we have that

LWt <L(g"-w)+(VL(g -w), W' —g'-w)+ §||w’+1 —g-w|? (C.24)

2
=L(w')—n(VL(g"-w'),VL(g" - W' ,E")) + B%HVL(gt WL ED|2 (C.25)
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Taking expectation conditioned on w', we have that

2
B, [Lw)] < L(w) - nt||VL(g’-w’>||2+ﬁ%Et[HVL(g’-wﬁéf)llz}- (C.26)

Now since L(w, &) is f—smooth, from Lemma C.2.1 above we have that
E [|VLw.)[2] < 2B (L(w) ~ L(w)) +2B(L(w")  E [infL(w. £)]) €27)
Using equation C.27 with w = g’ ow’ we have that

E, [L(w'™)] < L(W') = n|[VL(g"-w')|]?

+B2n? (L(g’ W) — L(w") £ L(w*) —E [igfL(w, g )} ) . (C28)

Using that L(g" - w') = L(w'"), taking full expectation and re-arranging terms gives

nE[IVL(g" - w)[*] < (1+B*n)E [L(w') —L*] —E [L(W*) ~L*] + p*n?c®.  (C.29)

Now we use a re-weighting trick introduced in [133]. Let o > 0 be a sequence such that
o (1+ B?n?) = oy_;. Consequently if a_; = 1 then o = (1 + B?n?)~¢+1) . Multiplying by

both sides of equation C.29 by o; thus gives

anE[|VL(g" - w)|*] < 041 E [L(W) L] — o4E [L(w ™) — L*] + o *nc?.  (C.30)

Summing up from ¢t =0,...,7 — 1, and using telescopic cancellation, gives
T—1 T—1
Y anE[|VLE -w)|*] <E[LW’) L] +B%*c* Y am? (C.31)
t=0 t=0
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LetA = Z;T:_ol oy 1;. Dividing both sides by A gives

T-1

1
min E[|VL(g" w)|P’] < opr—— ) aum[|[VL(g" - w')||?
iy 5 Yt T
E[L(W ) — L]+ /32(722 0 ' oyn?
< = . (C.32)
Zt —o QT
Finally, if n;, = n then
T—1 212\~T
n_1-(+p"n")
on,=nY (1+p%n2) ) - (C.33)
t:Zo e Z T I+ - (14872
-1 2m2
_ ( +23 n?)~" (C.34)
B*n
To bound the term with the —T power, we use that
_ 1 log(2)
1 2T« 98
To simplify the above expression we can use
T <o (1+x) < forx > —1
— x)<x x> —
1+x — g — ) — Y
thus
212
log(2) < 1+B°n <T
log(1+p°n%) = p°n?
Using the above we have that
— 1 1+B%n?
oun > , forT > ———
;0 T2 pn?
Using this lower bound in equation C.32 gives

min E[|VL(g"-w)|]*] <2B*nE[L(w°) - L*] +nB*c?, forT >

t=0,...,T—1 ﬁZnZ
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Now note that

212
T>l+ﬁ

Z g [3 ( H>len> ——

1
BV(T—1)
Thus finally setting n = ﬁ\/% gives the result equation 4.46.
O

Proposition C.2.2. Assume that L : R" — R is strictly convex and twice continuously differen-

tiable. Assume also that for any two points w,wp, € R" such that L(w,) = L(wy,), there exists a

2

1

g € G such that w, = g - w,. At two points wi,w € R”, if maxcc||VL(g-w1)||? = || VL(w2)

then L(Wl) < L(Wz).

Proof. Let S(x) = {w: L(w) = x} be the level sets of L, and X = {L(w) : w € R"} be the image
of L. Since G acts transitively on the level sets of L, maxeg||VL(g-w)||* = max,,cg ) | VL(W)]|%.
To simplify notation, we define a function F : X — R, F(x) = max,,cg(y) [| VL(W )||?. Since VL(w)
is continuously differentiable, the directional derivative of F' is defined. Additionally, since L is
continuous and its domain R” is connected, its image X is also connected. This means that for
any wi,wy € R" and min(L(wy),L(ws)) <y < max(L(w;),L(w,)), there exists a w3 € R" such
that L(ws3) = y.

Next, we show that F () is strictly increasing by contradiction.

Suppose that L(w;) < L(w;) and F(L(w;)) > F(L(wy)). By the mean value theo-
rem, there exists a w3 such that L(w;) < L(w3) < L(w;) and the directional derivative of

F in the direction towards L(ws) is non-positive, that is, dr(,)—rw,)F(L(w3)) < 0. Let

w3

W3 € argmax,ycg(r(wy)) | VLW )||I> be a point that has the largest gradient norm in S(L(w3)).
Then at w3, ||VL||2 cannot increase along the gradient direction. However, this means

d
VL(w})- E||VL(w§)||2 = VL(w})THVL(w}) <0. (C.35)

Since we assumed that L is convex and L(w3) is not a minimum (L(w3) > L(w;)), we have that
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VL(wj) # 0. Therefore, equation C.35 contradicts with L being strictly convex, and we have
F(L(wy)) < F(L(wy)).

We have shown that L(w;) < L(w;) implies F(L(w;)) < (wy)). Taking the contra-

F(L
positive and switching w; and wy, F(L(w;)) < F(L(w,)) implies L(w;) < L(w;). Equivalently,
<

L(wy).

maxgec|VL(g-w1)||> < maxeeg||VL(g - w2)||* implies that L(w1)

Finally, since

max||VL(g-w1)|* = [[VL(w2) > < max||VL(g-w2)]?, (C.36)
8€G gcG
we have L(wy) < L(w»). O

C.3 Teleportation and Newton’s Method

Lemma C.3.1 (One step of Newton’s Method). Let f(x) be a p—strongly convex and L-smooth

function, that is, we have a global lower bound on the Hessian given by

LI = V2f(x)=pul, YxeR" (C.37)
Furthermore, if the Hessian is also G—Lipschitz

IV2f(x) = V£ )l < Gllx = (C.38)

then Newton’s method

xk-i—l :xk —/lkVZf(xk)_IVf(xk)

has a mixed linear and quadratic convergence according to

G L
[l =X < 2u”xk 7+ /lkIZHHx X (C.39)
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Proof. By mean value theorem,

A =k VR ()] (Vf(xk) —Vf(x*))
=X —x = LV () ! /Siovzf(xk—ks(x* — X)) (xF —x)ds
— v [

§=

— vy [

s=

(v2 F) = RV FE - s(x" — 25 )) (* —x*)ds
(V2700 = V2SO (6 =)

+(1 = ) V2 (o + s(x* —xk))> (xF —x*)ds
Let & := ||x**! —x*||. Taking norms we have that

e < IV [ (19200 = V25 sta =)

1= A2 (5 + s = 50)) ) S

equation C.38+equation C.37 (G rl L rl
< o s|]xk—x*|]2ds+|1—7tk\—/ sk — x*|ds
M Js=0 U Js=0

N S NN WL N Y
= P 1= 2 |

]

The assumptions on for this proof can be relaxed, since we only require the Hessian is

Lipschitz and lower bounded in a %—ball around x*.

Proposition 4.5.12 (Quadratic term in convergence rate). Let L be strictly convex and let wy € R,
Let

1
w' € argmax =||VL(w)||> subjectto L(w) = L(wy). (C.40)
weR4 2

If VL(W') # O then there exists Ay such that

0 < Ao < Amax(V2L(w))
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and one step of gradient descent with learning rate y > 0 gives

wy =w —yVL(W')

=w —yAVIL(W) " IVL(W). (C.41)

Consequently, letting w' = goowy, and if Y < % then under the assumptions of Lemma C.3.1 we

have that

G L
[lwi —w|| < ﬂl\gOOWO—x*Her 1= Yhol7llgo 0owo =wTl].

Proof. The Lagrangian associated to equation C.40 is given by
Lo, 2) = 3 VLW + A(L(wo) ~ L))
Taking the derivative in w and setting it to zero gives
VL(w,A9) =0 = V2L(w)VL(w) — AgVL(w) = 0. (C.42)

Re-arranging we have that

VL(w) = AgV2L(w) " 'VL(w).

If VL(w') # 0 then from the above we have that
IVL(W)||* = AVL(w) " V2L(w)"'VL(w) > 0.

Since V2L(w)~! is positive definite we have that VL(w) " V2L(w)~!VL(w) > 0, and consequently
Ao > 0. Finally from equation C.42 we have that A is an eigenvalue of V2L(w) and thus it must

be smaller or equal to the largest eigenvalue of V2L(w).
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C.4 Is One Teleportation Enough to Find the Optimal
Trajectory?

Lemma C.4.1. For two vectors v,w € R", if vIw =0 and w # 0, then there exists an anti-

symmetric matrix M € R"" such that v = Mw.

Proof. Letwy = [1,0,...,0]” € R". Consider a list of #n — 1 anti-symmetric matrices M; € R™*",
where

(

—1, ifj=landk=i+1

Mf=<1, ifj=itlandk=1 (C.43)
0, otherwise
\
In matrix form, the M;’s are
0 -1 0 0 0 0 -1 0 0 0 O —1
1 0 O 0 00 O 0 00 O 0
Mi=10 0 0 o, Mo=11 0 O o, My1=10 0 0 0
_O o o0 .. O_ _O 0o o0 .. O_ _1 o 0 .. O_
(C.44)

Since M;’s are anti-symmetric, M;wq is orthogonal to wy. The norm of Mjwg = e; 1 is 1.

Additionally, M;w is orthogonal to M;w for i # j:

(M,'W())T(MJ'W()) = el-TJrlej_,_] = 5,'j. (C.45)

Denote wé ={xeR": xTwy = 0} as the orthogonal complement of wy. Then M;w( forms a

basis of wé. Next, we extend this to an arbitrary w € R”.
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Letw = m Since w has norm 1, there exists an orthogonal matrix R such that w = Rwy.

Let M} = RM;RT . Then M! is anti-symmetric:
(RM;R")T = RMRT = —RM;R” . (C.46)

It follows that M)W is orthogonal to w. The norm of MW is ||(RM;RT)(Rwy)|| = || RM;wo|| =

[Miwo|| = 1. Additionally, M;W is orthogonal to MW for i # j:

(M{w)" (Miw) = (RM;R" Rwo)" (RM;R" Rw)
= wi R" RM] R" RM;R" Rwy,
= WngMjWO

= §). (C.47)

1

Therefore, MW spans w— = w. This means that any vector v € w' can be written as a linear

combination of M/Ww. That is, there exists ki, ...,k, € R, such that v =Y k;(Mw). To find the

anti-symmetric M that takes w to v, note that

v= (Zk,-M{) W= <||w||2_1 ZkiM{> w. (C.48)

Since the sum of anti-symmetric matrices is anti-symmetric, and the product of an anti-symmetric

matrix and a scalar is also anti-symmetric, ||w||; ' ¥;k;M! is anti-symmetric. O
Lemma C.4.2. Let v € R" be a nonzero vector. Then the two sets {Mv : M € R""* MT = —M}
and {w € R" : wl'v = 0} are equal.

Proof. LetA={Mv:M c R MT =M~'} and B= {w € R" : w''v =0}. Since (Mv)"v=0
for all anti-symmetric M, every element in A is in B. By Lemma C.4.1, every element in B is in

A. Therefore A = B. ]

Let S = {(Mg—&)’% € X| M c R™" MT = —M} be the set of vector fields constructed
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by multiplying the gradient by an anti-symmetric matrix. Recall that R = —g—vi ai is the reverse

gradient vector field, and X, = {a'5%;| ¥,d’ (W)% =0,VYw € .4} is the set of all vector
fields orthogonal to R. From Lemma C.4.2, we have S = X | . Therefore, a point w is an optimal
point in S if and only if w is an optimal point in X .

We are now ready to prove the following proposition, which provides another way to

check the condition in Proposition 4.5.15.
Proposition 4.5.16. If at all optimal points in S,

JdL JL d3L oL
J J—
Ma &wk Iwg Owkdw; 0wl dw! =0 (C49)

for all anti-symmetric matrix M € R™™", then the gradient flow starting at an optimal point in S

is optimal in S.

Proof. Expanding R[A, R]L, we have

oL
RIA,R|L = R(A( awl) 0)
k b, K ; OL
i\ @ o "
k b, (9r L . 9 OL
a’ — 47
awk owJ ow! owJ dwi
i 0 i d JdL\ dL JL 0 JL
=—1r——-1\a - - -+ - -
awk ow’J ow; ) ow'  dw; dw/ dwi

a2 (P )

Iwk ow;owl dwl
ok dal 9L 8L+ ;9 J’L JL
N Iwk dw; 0w/ owi ok Idw;ow/ dwi

i 92 , 2
dL da’ J°L JL dL ; d ( 0°L 8L> (C.50)

dwy Iwk dw;owi dwi +28wka owk \ dw;ow’ dw

Assume that w is an optimal point in S. By Lemma C.4.2, w is also an optimal point in X | . By

0L oL

f 9L 2L _0°L JL
> dwidwl dw!

Lemma C.4 in [157] 1s an eigenvector o T Therefore

= l% for some
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A € C. Additionally, a/ = MéaaTLa and g“l M{x I a ———=—. We are now ready to simplify both
terms in equation C.50.

For the first term in equation C.50,

L da’ J*L JL JL . J*L  9*L IL
Owi Owk dw;owl dwi — dwy ¥ Owgdwk dw;dwi Iw!

i 9’L  JL J’L JL
Owedwk dwy ) \ dw;ow/ dw'

JdL 8L
_ gl

aL JL
= ﬂ,l)QMa o 3W]
Wa

=0 (C.51)

The last equality holds because M is anti-symmetric.

For the second term in equation C.50,

L ;9 ’L JL\ IJL ; PL JL 9L J°L
dwe . Ik <8w,~8wi 8wi) = g (8wk8w,~8w1 awi ow;owl 8wk8wi)
_JL _; dL PL  JL 9L I’L
T dwp Y Owg (8wk8w,~8wj ow! + ow;ow/ 8wk8wi>
oL oL  d’L  JL oL JL
=M B g T M PaMa g5
oL JL L IL

_ gl
—Me awk Owg Owkdw;ow/ ow! (C.52)

In summary,

JL JL  J°L  JL
j
RIA,RIL = 2Ma Owy dwg IWkdw;owi dwt’ (€33)

Since we assumed that [A,R]L(w) = 0, when R[A,R]L(w) = 0 for all A € S, the gradient flow

starting at an optimal point in S is optimal in S. [
AL oL _ L
Proposition C.4.3. If 55— 7% = maw holds for all ik, j, o, then for all anti-
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3
M] JdL JL d°L BL_O

" / nxn oaL.
symmetric matrices M € R & G Twes Tk owand ol =

3L JL 3L
Proof. Ifmmzma ¥ for all i k],Ot then
JL JL L L
Y Owy Owg Owkodw;ows dw'
;0L L 9L IL ;0L dL 9L JL
- ¥ Sl oLy Y M o
. o 0wy dwg dwkdwidwl dwt . - T dwg Owg dwkdw;dwl dw!

MJ

l’k7a<J lk(X>J
oL JL L JdL JL 3L dL
_ J o
_lk§’<jM owy dwg OWkdw;ow/ 8w’ lk%aM dwy Ow; Iwkdw;dw® Iwi
- Y M oL IL L Y L L L 9L
s Owi dwa IwkIwidw 8w’ e S Ow dw; IwEIwidw® O
— Y u JL AL (L 9L JIL L
B ik,o<j a"Vk awl aw(x awkawlawj aWJ 8wk8wi8w0‘
=0, (C.54)

where the first equality uses that the diagonal of an anti-symmetric matrix is 0, the second

equality swaps & and j in the second term, the third equality uses that M is anti-symmetric. [
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Appendix D

Omitted Proofs in Chapter 6

Corollary 6.4.2. Consider a network parameter space Param(m,h,n) = R™" x R"™" and
data space P(n,k) =Rk Let : R"™* — Rk be a row-wise function. Consider a func-
tion Ly : Param(m, h,n) x 2(n,k) — R™K, defined as Ly ((U,V),X) =Uc(VX) for U €
R™" vV e R and X € R"™K. If there is a G-symmetry of Ly, then there is a G-symmetry

of Ly with any b’ > h.

Proof. The function L,,,;;; can be decomposed into

h n
=3 ) Uijo(ViXu) + Z ZUZ,G 1 Xik) (D.1)

J=11=1 j=h+1i=

Note that for all i, k, the first term depends only on the first 4 columns of U and first 4 rows of V,
and the second terms depends only on the rest of the columns and rows of U and V. Denoting
the first 4 columns of U as Uy, the rest of the columns of U as Uy, 1.y, the first 4 rows of V as

V1., and the rest of the rows of V as Vj,, y.;y, we have

Ly (U, V), X) = Ltk (U, Vien)s X) + Ly -y ((Un 125 Vi 12w ) X)) - (D.2)
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Let Param; = R"™*" x R"*" and Paramy = R0 =h)  R(=1)xn Then Param (m, ', n)

= Param; x Paramj. Let § = (R”™*k x 29) and T = R"™** x R"™*, Define the following three

functions

h: Param; x 2 — (R™ x 94)

f: 0, x (Rm”‘ X .@d) —y Rk 5 R7K

i (O x (R 5 R™<KY) 5 g —5 R (D.3)
by

h((U1:n,Viin), X) = (Lynnink (U121, Vi), X ), X)
F(Unsrws Vi), (Y, X)) = (Lmn(h’—h)k((Uh+l:h’>Vh+1:h’)7X)>Y)

J(U Vi), (YY), X) =Y +7Y. (D.4)

Then L1 (0,X) :j((91 ,f(92,h(91 ,X))),X) forall @ = (61, 6,) € Param and X € 9.
Since L, has a symmetry, f has the same symmetry. By Proposition 6.4.1, L,,,,;/x also has the

same symmetry. 0

Corollary 6.4.3. Let Param = Param; X ... x Param; be a parameter space. Consider a list of
spaces Vo = 24, Vi= R4, and Vy, ..., Vi_1. Let L: Param X 29 5 RY pe a function defined
recursively by {L,-}f:l with L;i: ©; X Vi_y — V;, such that L = ¢; where ¢; = L;(6;,¢;—1) € V; and

0o = X. If for some 1 <i <1, L; has a G-symmetry, then L has a G-symmetry.

Proof. Define functions

h: (Paramy X ... x Param;_; x Param;;| x ... x Param;) x 24 5 v,
f: Param; xV,_| —=V;

J: (Paramj x ... x Param;_| x Param; ;| X ... x Param;) x V; X 2¢ 5 RY (D.5)
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h((61,...,6;-1,0;11,...,6;),X) = Li1(6;—1,X), computed using (64,...,6;_1)

f(6i,0i-1) = Li(6:,9i-1)

J(B1;,6i-1,6:41,...,6),0:,X) = L;(6,X), computed using (6, ...,6;11) and ¢;. (D.6)

Then L((@l,...,el),X) :j((el,...,9,-,1,9,~+1,...,91),f(9,~,h((91,...,9,-,1,9,-+1,...,9,),
X)),X) for all 6 = (6,6,) € Param and X € 2. By Proposition 6.4.1, if f = L; has a G-

symmetry, L also has a G-symmetry. [
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